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1. Introduction 

 
A wide variety of numerical methods have been 

introduced to solve the neutron transport equation for 
reactor calculations. With the state-of-the-art computer 
technology, successful implementation of higher-order 
approximation of transport methods (PN, SN, MOC, etc.) 
may now be feasible. Although these methods have 
been adaptable to code parallelization techniques, the 
computational expense remains a significant obstacle 
and thwarts their implementation in a whole-core, time-
dependent methodology. A novel method to remove this 
problem is based on the method of cellular neural 
networks (CNN) coupling with the PN method. Parallel 
data processing in CNN reduces the processing time 
and makes it possible to solve the time dependent 
models of neutron transport equation in real time. 
 

2. Theory 
 

2.1 CNN Architecture 
 

The CNN architecture has previously been discussed 
thoroughly [1]. We, however, now go ahead to modify 
the equivalent electrical circuit of each cell to model the 
second-order form of the P3 equations using CNN. Fig. 
1 shows a new cell electrical circuit. The second-order 
nonlinear differential equation defining the dynamics of 
ea  cell ca be derived as follows: ch n 

 
ܥ

௫௜௝ݒ݀

ݐ݀
ൌ െ

ܴ௫

1
௫௜௝ݒ ,ሺ݅ܣ ݆: ݇, ݈ሻݒ௬௜௝

஼ሺ௞,௟ሻאேೝሺ௜,௝ሻ

 

               ൅ܫ௦ െ ௚௔௜௡ܦ
ௗమ௩ೣ೔ೕ

ௗమ௧

൅ ෍

, 1 ൑ ݅ ൑ ,ܯ 1 ൑ ݆ ൑ ܰ               (1) 
 

2.2 Neutron Transport Equation 
 

To obtain the second-order form of time dependent 
neutron transport equation we use spherical harmonic 
expansion of angular flux as: 
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where θ and φ are axial and azimuth angles. Pnm(cosθ) 
is the associated Legendre polynomial. The application 
of a Galerkin scheme to the neutron transport equation 
results in a set of first-order partial differential 
equations. The first-order partial differential equations 
allow odd moments (n = odd) to be expressed in terms 

of the even moments and their derivatives. If these 
expressions for the odd moments are substituted 
throughout equations, the resulting system is obtained 
as a set of second-order partial differential equations [2]. 
The second-order form of the P3 approximation to the 
neutron transport in the x-y geometry is given below for 
n isotropic sou  and a m geneous case. a rce  ho o
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In spherical harmonic approximation of the neutron 
transport equation we use the following form of vacuum 
boundary condition in steady state: 
  
׬ ሬ݊Ԧ. ΩሬሬԦܲ ௠ሺܿߠݏ݋ሻ௡௡ሬԦ.ΩሬሬԦழ଴ sin ݉߮ ߰൫ݎԦ, Ω෡, ൯ܧ ൌ 0            (4-a) 
 
׬ ሬ݊Ԧ. ΩሬሬԦ ௡ܲ௠ሺܿߠݏ݋ሻ௡ሬԦ.ΩሬሬԦழ଴ cos ݉߮ ߰൫ݎԦ, Ω෡, ൯ܧ ൌ 0      (4-b)        

where n is even and n < N, 0 ≤ m ≤ n, and rԦ א Γ. 
 

By using the same process as has been used by Inanc, 
the following equation gives the P3 boundary condition 
for the right side of a rectangular region [2]. Similar 
equations for the top, left and bottom sides can be 
determined. At reflected boundaries the moment is 
either zero or has zero gradients depending on whether 
the spherical harmonic has odd or even parity there. 
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Fig. 1. New cell circuit where SOD is a second-order differentiator. 
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3. CNN Model for P3 Equations 

 
To obtain the CNN model for P3 equation we first 

discretize Eq. (3) using finite difference approximation. 
The equivalent electrical elements for each equation are 
then obtained by comparing the resulting equations with 
Eq. (1) [1]. Finally a two-dimensional (2D) 4-layer 
CNN is required to simulate the P3 equations. The CNN 
model being complex enough, we must use computer 
programs to study the transient behavior. In this study, 
the HSPICE software which is a professional electrical 
circuit package is used to simulate the CNN model. 

 
4. Results and Conclusions 

 
To verify the CNN results and show the ability of 

CNN in computing of the neutron flux distribution in 
steady state and transient conditions in the core, we 
examine a mini boiling water reactor (BWR) assembly 
problem. This problem is a simplified 2D simulation of 
a BWR fuel assembly, the surrounding coolant, and a 
portion of a fully inserted cruciform control rod. One 
quarter of the control rod is modeled. Fig. 2 illustrates a 
model that is decomposed into uniform 0.4 cm square 
cells. The one-group material properties for each of the 
three regions in this problem are listed in Table I [3]. 
CASMO-4 was employed by Taylor so as to generate a 
reference solution for this assembly configuration. The 
CASMO-4 reference effective multiplication factor keff 

 

 
Fig. 2. Problem Schematic for 2D Mini-BWR Assembly. 

Table I: Material Properties for 2D Mini-BWR Assembly  
Region σt     

[cm-1] 
σa 

[cm-1] 
νσf    

[cm-1] 
σs     

[cm-1] 
Fuel 0.436526 0.0251889 0.0350929 0.411337

Coolant 0.487382 0.00254071 0.0 0.484841
Absorber 0.643697 0.1 0.0 0.543697

 

 
Fig. 3. Normalized scalar flux distribution for mini-BWR 
assembly calculated by CNN. 

 
is calculated to be 0.82904. 

To simulate this problem using CNN, the Cartesian 
space is discretized into 30×30 nodes. Then the CNN 
model elements are computed. The CNN calculation 
yields keff of 0.82647, which differs from the reference 
value by -0.31%. The steady state neutron scalar flux 
distribution is shown in Fig 3. The current results are 
comparable to Tylor’s computed using the method of 
characteristic (MOC) [3]. 

In this work we introduced a time-dependent second-
order form of the P3 approximation for the neutron 
transport equation. The CNN method was utilized to 
solve these equations. The computed results by the 
CNN model were concurred with the reference. The 
advantages of the CNN simulator over the numerical 
methods have to do with its analog and parallel 
processing algorithm which reduces the computational 
time [1]. 
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