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1. Introduction 

 

Neutron noise techniques such as the Feynman-α [1] and 

Cohn-α [2] methods infer the kinetics parameters of a zero-

power reactor from the signal correlation induced by fission 

neutron multiplicity. The magnitude of this correlation is 

dictated by the second factorial moment of the multiplicity 

distribution, which is conventionally expressed through the 

Diven factor [3]. 

Since the standard point kinetics parameters are derived 

using the fundamental-mode adjoint flux, representing the 

fission importance, as a weighting function, the neutron 

noise model must share this weighting to maintain 

theoretical consistency. Consequently, the effective Diven 

factor, 𝐷eff , was rigorously derived using the adjoint 

weighting function to account for both spatial, energy, and 

isotopic dependences [4]. 

Compared with the effective delayed neutron fraction, 

𝛽eff , and the prompt neutron generation time, 𝛬eff , the 

calculation of 𝐷eff has received relatively less attention. The 

present work preliminarily investigates two numerical 

weighting schemes to estimate 𝐷eff  using the GPU-based 

continuous-energy Monte Carlo code PRAGMA [5]. The 

first is a particle-based scheme that directly evaluates the 

second moment of importance via the iterated fission 

probability (IFP) [6] method to compute a weighted sum of 

the progenitor’s tally. The second is a mesh-based scheme 

that suppresses the statistical bias inherent in the former by 

utilizing the adjoint flux and reaction rates tallied over a 

spatial mesh. To validate the two schemes, the IPEN/MB-01 

benchmark [7] is examined to derive an experimental 𝐷eff 

using an independently measured 𝛽eff.  

 

2. Effective Diven Factor 

 

2.1. Definition in Neutron Noise Analysis 

 

sadf 

 

𝐷 =
𝜈(𝜈 − 1)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅

𝜈̅2
, (1) 

where the bar denotes the expectation over the multiplicity 

distribution. Since evaluated nuclear data libraries such as 

ENDF/B, JEFF, and JENDL tabulate only the first moment, 

the second factorial moments are derived from the prompt 

multiplicity measurements of Zucker and Holden [8]. 

To resolve inconsistencies in absolute multiplicity values 

between the measurements of Zucker and Holden and the 

underlying evaluated nuclear data libraries used for particle 

transport, these measurements are converted into the Diven 

factor, 𝐷ZH, which is then combined with the tabulated first 

moment in the nuclear data libraries, 𝜈̅LIB, as: 

 

𝜈(𝜈 − 1)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ = 𝐷ZH𝜈̅LIB
2 . (2) 

 

Table I summarizes the 𝐷ZH values for U-235 and U-238 as 

a function of the incident neutron energy, 𝐸𝑛. 

 

Table I. Diven factors of U-235 and U-238 evaluated by 

Zucker and Holden [8] 

Nuclide 𝐸𝑛 (MeV) 𝜈̅ 𝜈(𝜈 − 1)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ 𝐷ZH 

U-235 0 2.4140 4.6382 0.7959 

1 2.5237 5.1014 0.8010 

2 2.6368 5.6230 0.8087 

5 3.0387 7.6255 0.8258 

10 3.8750 12.4971 0.8323 

U-238 0 2.2754 4.3406 0.8384 

1 2.4306 4.8960 0.8288 

2 2.5857 5.5152 0.8249 

5 3.0513 7.7066 0.8277 

10 3.8272 12.4099 0.8472 

 

In a point reactor model, the auto power spectral density 

of the Langevin noise source is proportional to the fission 

rate and the Diven factor [3]. Extending the derivation to 

three-dimensional phase space and weighting the Langevin 

noise source by the adjoint importance yields [4]: 

 

𝛷SS(𝜔) = 2𝑅f𝐷eff𝜈̅
2, (3) 

𝐷eff =
𝑅f ∫ d𝑦𝑅f(𝑦)𝜈(𝜈 − 1)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅

𝑦𝐼2(𝑦)

[∫ d𝑦𝑅f(𝑦)𝜈̅(𝑦)𝐼(𝑦)]2
, (4) 

 

where 𝑅f (y) is the fission rate density at the phase-space 

point y, 𝐼(y) is the expected adjoint importance of a neutron 

born at y, and 𝑅f  is the total fission rate. For a spatially 

uniform importance, Eq. (4) reduces to the Diven factor of 

Eq. (1). 
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2.2. Derivation of Experimental Value 

 

The IPEN/MB-01 benchmark [7] provides two 

independent measurements of 𝛽eff  utilizing different 

frequency regions of the power spectral density. The first 

one uses the cross power spectral density (CPSD) only in 

the plateau-region and the other is the broadband spectral 

fitting method. In the first method, the plateau-region CPSD 

relates the measured quantities to 𝛽eff as: 

 

(𝛽eff
plateau

)
2

= 𝐷legacy (
2𝐼𝑘𝐼𝑚𝐹𝑘𝐹𝑚𝐺𝑘𝐺𝑚

𝑅f〈𝛷𝑘𝑚〉
)

exp

, (5) 

 

where 〈𝛷𝑘𝑚〉 is the plateau level of the CPSD for the two 

different detectors k and m, while 𝐼 , 𝐹 , and 𝐺  denote the 

detector current, the current-to-voltage conversion factor, 

and the filter-gain factor for the voltage signal, respectively. 

The superscript "exp" indicates that the entire bracketed 

term consists of experimentally measured quantities. To 

evaluate 𝛽eff
plateau

, 𝐷legacy was set to 0.795, a value reported 

for U-235 in Ref. [3]. With this assumed value, 𝛽eff
plateau

 is 

obtained as 0.00739 ± 0.00007 [9]. 

The second method, employing the broadband spectral fit, 

reports an independent measurement for 𝛽eff
broad of 0.00750 

± 0.00019 [10].  Unlike the plateau method, this broadband 

fitting approach does not depend on an assumed Diven 

factor. 

Because the experimentally measured bracketed term in 

Eq. (5) is a physical constant for the given reactor state, 

replacing 𝛽eff
plateau

 with the independently measured 𝛽eff
broad 

allows for the derivation of the experimental Diven factor as: 

 

𝐷eff
exp

= 𝐷legacy (
𝛽eff

broad

𝛽eff
plateau

)

2

. (6) 

 

Substituting the two 𝛽eff  values into Eq. (6) yields an 

experimental value of 0.819 ± 0.044, where the uncertainty, 

𝜎𝐷, is obtained as: 

 

𝜎𝐷 = 𝐷eff
exp√(2

𝜎𝛽,broad

𝛽eff
broad

)

2

+ (2
𝜎𝛽,plateau

𝛽eff
plateau

)

2

, (7) 

 

where 𝜎𝛽,broad and 𝜎𝛽,plateau are the uncertainties in 𝛽eff
broad 

and 𝛽eff
plateau

, respectively. 

 

3. Evaluation Methods 

 

3.1. Particle-Based Scheme 

 

The IFP method estimates the importance of an individual 

fission neutron from the number of its progenies after a 

specified number of latent cycles [6]. To apply this estimator 

to Eq. (4), we need the second moment of the fission 

importance. Since the importance of the individual fission 

neutron is affected by a large statistical error, substituting 

𝐼(𝑦) = 𝐼(̅𝑦) + 𝜎𝐼(𝑦)  into Eq. (4) and evaluating its 

expectation yields:  

 

𝐸[𝐷̂eff] ≈
𝑅𝑓 ∫ 𝑑𝑦 𝑅f(𝑦)𝜈(𝜈 − 1)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅

𝑦(𝐼(̅𝑦) + 𝜎𝐼(𝑦))
2

[∫ 𝑑𝑦 𝑅f(𝑦)𝜈̅(𝑦)𝐼(̅𝑦)]2
 

              = 𝐷̅eff +
𝑅f ∫ d𝑦𝑅f(𝑦)𝜈(𝜈 − 1)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅

𝑦𝜎𝐼
2(𝑦)

[∫ d𝑦𝑅f(𝑦)𝜈̅(𝑦)𝐼(̅𝑦)]2
 

(8) 

 

where 𝐷̅eff is the true mean of the effective Diven factor, 

 

𝐷̅eff =
𝑅f ∫ d𝑦𝑅f(𝑦)𝜈(𝜈 − 1)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅

𝑦𝐼2̅(𝑦)

[∫ d𝑦𝑅f(𝑦)𝜈̅(𝑦)𝐼(̅𝑦)]2
, (9) 

 

and 𝐼(̅𝑦)  and 𝜎𝐼
2(𝑦)  are the mean and variance of the 

importance estimate. 

As shown in Eq. (8), the bias is proportional to the 

variance of importance estimate. Furthermore, an increase 

in the latent cycles amplifies this variance, leading to the 

growth of the 𝐷̂eff. 

 

3.2. Mesh-Based Scheme 

 

The variance of the importance of the individual particle 

cannot be controlled directly. To suppress the variance, the 

importance is accumulated on a spatial mesh. Using the 

mesh-wise tallies, 𝐷eff can be evaluated as: 

 

𝐷eff =
𝑅𝑓 ∑ 𝑅𝜈(𝜈−1)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ,𝑖𝐼𝑖

2𝑁
𝑖=1

(∑ 𝑅𝜈̅,𝑖𝐼𝑖
𝑁
𝑖=1 )

2 , (10) 

 

where N is the number of spatial meshes, i denotes the mesh 

index, and the mesh-wise tallies are defined as: 

 

𝑅𝜈(𝜈−1)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ,𝑖 = ∫ 𝑑𝑦
𝑦∈𝑉𝑖

𝑅𝑓(𝑦)𝜈(𝜈 − 1)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅|
𝑦

 (11) 

𝑅𝜈̅,𝑖 = ∫ 𝑑𝑦
𝑦∈𝑉𝑖

𝑅𝑓(𝑦)𝜈̅(𝑦), (12) 

𝐼𝑖 = ∫ 𝑑𝑦
𝑦∈𝑉𝑖

𝐼(𝑦). (13) 

 

 

4. Results and Discussion 
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The 𝐷eff  of the IPEN/MB-01 benchmark was estimated 

using the two different schemes implemented in PRAGMA. 

For the continuous-energy Monte Carlo calculation, 50 

million histories per cycle were simulated with 50 inactive 

and 50 active cycles, utilizing the ENDF/B-VIII.1 [11] 

library. For the particle-based scheme, the sensitivity 

analysis was performed by varying the number of latent 

cycles to 1, 2, 4, 10, and 20. For the mesh-based scheme the 

spatial domain was discretized using a pin-wise radial mesh 

by varying the number of axial mesh divisions to 1, 5, 10, 

and 20, where the number of latent cycles for adjoint tally 

was fixed at 20. 

Table II and Figure 1 show the calculated 𝐷eff from the 

particle-based scheme as a function of latent cycles. As 

theoretically predicted, the positive bias grows rapidly with 

the number of latent cycles, causing the estimated values to 

severely diverge. Interestingly, the constant weighting 

approximation (denoted as 0 latent cycles), which ignores 

the spatial importance distribution, yielded a value of 0.798, 

showing the smallest deviation of –2.6% from the 

experimental value. 

 

Table II. Calculated 𝐷eff from particle-based scheme 

Latent cycles Mean Std. Dev. 
Deviation 

(C-E, %) 

01 0.798 0.0000002  −2.6 

1 1.264 0.0000711  +54.3 

2 1.701 0.0000994  +107.7 

4 2.614 0.0001383  +219.2 

10 5.451 0.0003876  +565.6 

20 10.223 0.0009692  +1148.2 
1Constant weighting is applied. 

 

 
Figure 1. 𝐷eff from particle-based scheme against the 

number of latent cycles. 

 

Table III and Figure 2 show the calculated 𝐷eff from the 

mesh-based scheme with respect to the number of axial 

mesh divisions. Unlike the particle-based approach, the 

mesh-based scheme successfully suppresses the variance-

induced divergence, converging to 0.938 as the axial mesh 

becomes finer. However, this converged estimate 

overpredicts the experimental value by approximately 15%, 

which exceeds the 2-sigma range of the experimental 

uncertainty. 

 

Table III. Calculated 𝐷eff from mesh-based scheme 

Axial 

divisions 

Mesh size 

(cm) 

Effective 

Diven factor 

(C) 

C/E 

1 54.84 0.8789 1.07 ± 0.06 

5 10.97 0.9287 1.13 ± 0.06 

10 5.48 0.9360 1.14 ± 0.06 

20 2.74 0.9380 1.15 ± 0.06 

Experiment 

(E) 
– 0.819 ± 0.044 – 

The statistical uncertainty of each calculated value is ± 

0.0001. 

 

 
Figure 2. 𝐷eff from mesh-based scheme against the axial 

mesh divisions. 

 

5. Summary and Conclusions 

 

Two numerical weighting schemes for the effective Diven 

factor were implemented in PRAGMA and compared with 

an experimental reference derived from the IPEN/MB-01 

measurement. The particle-based scheme is severely biased 

by the variance of the individual importance estimate, 

causing the predicted values to diverge rapidly as the 

number of latent cycles increases. In contrast, the mesh-

based scheme successfully suppresses this variance-induced 

divergence, converging to 0.938. However, this converged 

estimate still overpredicts the experimental reference by 

approximately 15%. Although the constant weighting 

approximation yields 0.798, which shows the smallest 

deviation from the reference, it remains physically 

inconsistent since it does not account for the spatial 

importance. A further work will investigate the origin of the 

15% discrepancy in the mesh-based scheme and assess the 

effects of different nuclear data libraries on the 𝐷eff 

estimation. 
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