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1. Introduction

Resonance calculation is a requisite for the accurate
evaluation of effective cross sections (XSs) in multi-
group (MG) neutronics simulations. There have been
developed many resonance calculation methods [1][2][3],
and the objectives of them are to achieve high accuracy
by rigorous consideration of many factors such as spatial
heterogeneity [4] or resonance scatterings [5]. Among
the several approximations for practicality, the slowing-
down scattering approximation is adopted by all the
methods.

However, up-scattering events of 2¥U in the epi-
thermal energy range affect the reactivity and the fuel
temperature coefficients (FTCs) [6]. In particular, about
10% of differences occur from the exact scattering kernel
with Doppler broadened rejection correction (DBRC)
method. Although a few correction techniques were
devised [7][8], the validity of the correlation between the
exact XSs of 238U and background XSs in heterogeneous
geometry is not guaranteed.

The most direct resolution is to put the up-scattering
sources into the equation of the fixed source problem
(FSP) solved during resonance calculations. However, it
is not feasible for any of the traditional methods. Only
the ultra-fine-group (UFG) methods can handle it, but the
extreme burden of treating the exact scattering kernels is
an obstacle for the methods [9]. To make it feasible, the
Resonance calculation using energy Spectral Expansion
(RSE) method [10], which is the recently proposed
method, was selected.

The RSE method reduces the degree of freedom (DOF)
based on the reduced order model. In the RSE method,
UFG spectra can be reproduced with the basis functions
while keeping the number of variables way smaller than
those in UFG methods. It has great potential when
dealing with the exact scattering kernel because of the
small size of the scattering matrix.

Despite the potential, the conventional RSE method
also adopts the slowing-down scattering approximation.
Thus, this paper presents a new pathway to eliminate the
slowing-down scattering approximation in the resonance
calculation with the generalized RSE method. The
process of generating XS moments including exact
scattering kernels via a continuous-energy (CE) Monte
Carlo (MC) code, PRAGMA [11], is also illustrated. The
verification results of the new resonance calculation
method are shown with the nonuniform temperature
profile benchmark problem developed by Seoul national
university (SNU) [12].

2. Background about the Conventional RSE Method

This section introduces a brief sequence of the
conventional RSE method. The key of the RSE method
is to extract a UFG basis function set. Here, the functions
are different from the traditional basis functions such as
those in Legendre or Fourier series. The set is driven
from the POD to a matrix of snapshots, and each
snapshot is a UFG flux spectrum as the reference solution
of a representative problem. Provided that n UFG spectra,
¢, with t UFGs are given, the snapshot matrix, A, is

composed as follows:

¢ (E)
A= :

To extract the basis functions in the POD, the singular
value decomposition (SVD) can be employed. With the
notations where U and V are the left and right singular
vector spaces, and X is the diagonal matrix with singular
values of A, the following relations are derived:

A=UZV', UcR" &ZcR™ &V e R"", (2)
u'u=Vv'v=1, ®)

where m is the rank of A. A subset of the right singular
vector space can be a set of POD modes, which are the
basis functions [13]. Due to the semi-unitarity of singular
vector matrices, the orthogonality holds for the subset.

The reference UFG spectra in the conventional RSE
method were obtained via UFG calculations for several
slowing-down problems. The basic approach solves
homogeneous problems for typical fuel compositions
with the variations of temperatures or background XSs,
while another approach takes the solutions of a set of
single pin cell problems too [14].

To derive the FSP equation solved in the RSE method,
the regular FSP transport equation is presented with the
basis expansion on energy-dependent angular flux, v :

Q~Vt//(E,Q,r)+Zt(E,r)y/(E,Q,r)
1 , , , (4)
:EIZS(E — E)¢(E", r)dE'+Q, (E, 1),

W(E,Q,r)zgy/k (r)f (E), (5)
where

I : position vector
Q : direction vector
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E : energy
w(E,Q,r) : angular flux

¢(E,r): scalar flux

%, (E,r): total XS

3, (E'— E,r): scattering XS

Qs (E, 1) fixed source

¥, (€,r) : k-th angular flux moment
f. (E): k-th basis function.

A weak form of Eq. (4) can be derived after obtaining
the inner product over energy, If )dE x, weighted

by each basis function as the test functlon.

Q- V'//k Q r zztkk ‘//k Q r)
1 (6)
:E;Zs,kk'(r)(ék'(r)+%x,k (er) ,

and the several moments are defined as,

ztkk jf s (Er)f.(E)dE ©)
Zowe () =[] T ()=, (E'> E,r) f,.(E ')dE'dE (8)
qﬁx,k(g,r :jfk E)Qu (E.2r)dE,  (9)
where
%, (1) : total XS moment
3, i (1) : scattering XS moment

Ui (€2,1) : fixed source moment.

Note that the scattering sources and scattering XS
moments in the conventional RSE method are computed
with slowing-down scattering kernels. The FSP in Eq. (6)
is solved through the method of characteristics (MOC)
solver while it includes matrix exponential solution due
to the dense total XS matrix in the collision term.

3. Generation of Exact Cross Section Moments
via Monte Carlo Method

The definition of scattering XS moments in Eq. (8)
shows the possibility of using exact scattering kernels. It
is easily applicable by just giving the exact scattering
XSs for X, (E'— E). However, considering the size of

a matrix for the kernel in a UFG structure, it becomes
extremely inefficient to compute the moments with the
large kernel data. In addition, the computational burden
is another concern because every moment for each pair
of basis functions should be computed. To overcome the
overheads, another form of the definition for XS moment
is introduced.

To derive the alternative definitions, two rates are
defined omitting spatial dependence of the quantities:

FRt,k-(E) %(E) f.(E)., (10)
S.(E)=[=,(E'>E)f.(E)dE".  (12)

Here, the quantity, R,,.(E), can be interpreted as the

UFG total reaction rate for a unit level of flux when the
shape is given the basis function, f,.(E). In the same,

the source rate, S,.(E), can be seen as the UFG source

when the incident energy distribution follows f,.(E").

With the new definitions of rates for a basis function,
the XS moments in Eq. (7) and Eq. (8) are expressed as
follows:

)2 kk'=Ifk(E)Rt,k'(E)dEv 12)
o = [ f (E) Sy (E)dE. (13)

The definitions in Eq. (12) and Eq. (13) provide a way
to compute the moments efficiently by eliminating the
overheads for memory requirements and excessive
operations needed. Once the rates for all the orders are
obtained, simple numerical integrations are only needed
to get the inner production of every pair of a rate and a
basis function.

What remains for the generation of XS moments is to
find out an efficient way of evaluating the rates. It can be
realized by utilizing a CE MC code when calculating the
exact rates. By employing the tally functionalities for
reaction rates and scattering sources, the UFG rates can
be easily estimated. However, there is a tricky issue due
to the negative values in basis functions when giving the
energy distribution of samples for each basis of an order.

Basis functions usually include negative values, and
this feature makes it hard to directly define the functions
as probability density functions (PDFs). Therefore, the
absolute of a basis function is selected as the PDF, and
the weight of a sample is given as the sign of the basis
function value at its energy. This way is illustrated in Fig.

Fig. 1. Probability density function and the weights for a
basis function including negative values.
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A special mode named the integrator mode had to be
developed in PRAGMA to realize these procedures. This
capability is only for calculating the designated rates for
a given energy spectrum. The integrator mode enables an
efficient numerical integration via the stochastic method
employing the same physics algorithms in PRAGMA.

5. Verifications

For the verification of the generalized RSE method,
the nonuniform temperature benchmark from SNU
[12][15] is solved. Ahead of the result of FTC estimation,
the UFG spectrum reproduced from the RSE method is
compared to two spectra from PRAGMA differing in the
scattering kernels for 2®®U and hydrogen, which are
illustrated in Fig. 3 and Fig. 2. The solution spectra in the
innermost fuel ring under the highest power condition,
which is 200% of the normal condition, are compared.
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Fig. 2. UFG spectra in the epi-thermal range.

%107

PRAGMA, DBRC+TSL
PRAGMA, CXS
= = =nTRACER

102 107! 10
Energy [eV]

Fig. 3. UFG spectra in the thermal range.

The spectra of PRAGMA are plotted as solid lines
when the blue one is the result of using the exact
scattering kernels and the orange one is that of using
asymptotic kernels. The spectrum from the RSE method
is plotted as the pink dashed line. In the epi-thermal range,
the effect of resonance up-scattering is well depicted by
the RSE method. Although the thermal range is out of the
scope of this work, Fig. 3 shows that the UFG spectrum
represents the wavy shape which is the result of the
thermal scattering law (TSL) of the hydrogen in a water
molecule (hh20).

The accuracy in reactivity estimation is examined by
comparing the two methods that are the subgroup (SG)
method and the RSE method. The previous research
showed the effectiveness of the SG method in the FTC
estimation [15], but the compared results are for when
the constant cross section (CXS) kernel was employed.
In Fig. 4 and Table 1, the results for two different kernels,
which are the CXS and the DBRC, are all shown while
only the DBRC is considered for the RSE method.
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Fig. 4. Reactivities from different solutions for various
fuel temperatures.

Table 1. Estimated FTCs from different solutions.

Scat.
Kernel Method] FTC [pcm/K]
MC -1.834
CXS -1.833
SG (-0.001)
MC -2.078
-1.847
DBRC | SG (+0.231)
-2.068
RSE (-0.010)

In the figure, the reactivities with the CXS kernel are
plotted with the dashed lines whereas those with the
DBRC kernel are plotted with the solid lines. And, the
blue line is for the PRAGMA results while the orange
one is for the SG method and the green one is for the RSE
method.

The reactivity changes with the CXS kernel were well
evaluated by the SG method, which can be observed by
the nearly parallel dashed lines in Fig. 4. However, when
it comes to the DBRC cases, the SG method showed
inaccurate results. The gradient of the SG results was
more gradual than that of the PRAGMA results. On the
other hand, the reactivity changes from the RSE method
were quite similar to those from PRAGMA.
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The results of the comparison of the estimated FTC
values also show a similar tendency. The estimation of
the SG method was good with the CXS kernel. However,
when the DBRC was applied, there was about 10%
difference in the values from PRAGMA while the FTC
from the RSE method has little difference.

6. Conclusions

A new way of resonance calculation that implicitly
considers the exact scattering kernels is realized through
the generalized RSE method by incorporating a CE MC
code into the calculation of XS moments for the exact
FSP equations. The RSE method was selected due to the
small size of the scattering matrix and the low
computational burden to handle it. The key was to
calculate the exact rates for each of the basis functions
via the MC Code. Through the alternative definitions of
XS moments, it was shown that the XS moments for
exact physics can easily be computed only if the UFG
rates are prepared. The stochastic integration with
PRAGMA enables efficient calculations of the scattering
source rates including the effect of exact scattering
kernels.

The results showed good agreement with the
PRAGMA results when considering the exact scattering
effects. The reproduced UFG spectrum was able to depict
the effects of the exact resonance up-scattering in the epi-
thermal range and those of the TSL in the thermal range.
The accuracy in FTC estimation was also superior
compared to the SG method when the exact kernel was
applied.

This paper suggests a way of resonance calculation
that does not need any approximations or corrections. In
fact, most of the resonance calculation methods should
take correction techniques. to overcome the side effects
from the approximations they apply. For example, the
UFG methods assume the slowing-down approximation
for their feasibility in terms of the performance in dealing
with scattering sources. On the other hand, if the XS
moments are well generated, the new way can naturally
handle the exact scattering sources.
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