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1. Introduction

The interests in the nuclear safety analysis related to 

the flooding accidents is increasing after the Fukushima 

accident. Solid debris generated by flooding or nuclear 

plant equipment like emergency diesel generator may 

move due to fluid behavior and cause damage. In 

addition, fluid-solid interaction may occur in the debris 

behavior caused by the FCI phenomenon in the ex-vessel 

pre-flooded cavity during a severe accident. [1-3] So, the 

analysis of the interaction between solid debris and fluid 

is important in nuclear safety respect. These debris 

transport phenomena include the solid bodies of arbitrary 

shape, and interaction between fluid-solid as well as 

solid-solid. Therefore, the SPH method coupled with 

solid analysis which has advantages of easy tracking of 

the phase boundary can be an effective approach for 

debris transport simulations 

For various nuclear applications, a fully resolved 

Rigid Body Dynamics (RBD) model was developed 

based on Discrete Element Method (DEM) method. By 

coupling SPH-RBD using GPU parallelization, the high 

resolution 3D simulation between the liquid phase and 

solid phase could be possible.  

2. Smoothed Particle Hydrodynamics (SPH)

The SPH method is one of the Lagrangian analysis 

methods, which analyzes the fluid flows by calculating 

the motion of individual particles. The particles have 

each property and are calculated through the weight 

function over the neighboring particles within the 

support area (or smoothing length). (Fig. 1) This SPH 

method has advantages in handling free surface flow, 

multi-fluid (phase) flow, and high deformable geometry 

due to its Lagrangian nature.  

2.1. SPH Basics 

The SPH particle approximation is performed by 

discretizing the kernel function which has the 

characteristics of the delta function. 

𝑓(𝑟𝑖) = ∑
𝑚𝑗

𝜌𝑗
𝑓𝑗𝑊𝑖𝑗𝑗   (1)

𝑓𝑖 is a function at the position 𝑖, 𝑊𝑖𝑗 is a kernel function,

𝑗 is a neighboring particle within the smoothing length, 

and 𝑚, 𝜌 means mass and density respectively. 

The first derivative of the field function 𝑓(𝑟)  is 

expressed as a function of kernel derivatives for all the 

particles in the support domain of particle 𝑖. [4]  

𝛻𝑓(𝑟𝑖) = ∑
𝑚𝑗

𝜌𝑗
𝑓𝑗𝛻𝑊𝑖𝑗𝑗   (2)

Fig 1. SPH Kernel Approximation 

2.2. Governing Equations 

The SPH method satisfies the mass and momentum 

conservation and can be expressed in the form of 

equations (3) and (4).  

𝑑𝜌

𝑑𝑡
= −𝜌𝛻 ∙ 𝑢⃑  (3) 

𝑑𝑢⃑⃑ 

𝑑𝑡
= −

1

𝜌
𝛻𝑃 +

𝜇

𝜌
𝛻2𝑢⃑ + 𝑔 (4) 

𝑢⃑ , 𝑃, 𝜇, 𝑔  denote velocity field, pressure, dynamic 

viscosity, and gravitational constant, respectively. 

Table 1. shows the SPH expression of the governing 

equations and physical models used in this study. In the 

general SPH method, the calculation is carried out 

assuming weak compressibility of the fluid, so the Tait 

equation is used for the equation of state (EOS). 

2.3. Multi-fluid Models 

In multi-fluid calculation, a discontinuity of physical 

properties occurs at the fluid interface. Since the SPH 

pressure force calculation is based on a function of 

density, a large density difference near the boundary 

causes non-physical pressure force. Therefore, a 

normalized density formulation is introduced to ensure 

stability by replacing the density (𝜌)  with the 

normalized density(𝜌/𝜌0). [5]

(
𝜌

𝜌0
)
𝑖
= ∑

𝑚𝑗

𝜌0,𝑗
𝑊𝑖𝑗𝑗 (5) 



Table 1. SPH Formulations 

Mass Conservation (normalized density) 

𝜌𝑖 = 𝜌𝑟𝑒𝑓,𝑖 ∑
𝑚𝑗

𝜌𝑟𝑒𝑓,𝑗
𝑊𝑖𝑗

𝑗

Momentum Conservation 

Pressure force 

(
𝑑𝑢⃑ 

𝑑𝑡
)

𝑖

= ∑−
𝑚𝑗

𝜌𝑖𝜌𝑗
(𝑃𝑗 + 𝑃𝑖)𝛻𝑊𝑖𝑗

𝑗

Viscous force 

(
𝑑𝑢⃑ 

𝑑𝑡
)

𝑖

= ∑−
4𝑚𝑗

𝜌𝑖𝜌𝑗

𝜇𝑖𝜇𝑗

𝜇𝑖 + 𝜇𝑗

𝑟𝑖𝑗⃑⃑  ⃑ ∙ 𝛻𝑊𝑖𝑗

𝑟𝑖𝑗
2 + 𝜀2

(𝑢𝑖⃑⃑  ⃑ − 𝑢𝑗⃑⃑  ⃑)

𝑗

Surface tension force 

(
𝑑𝑢⃑ 

𝑑𝑡
)

𝑖

= ∑
𝜎𝑎

𝜌𝑖
𝜅𝑖𝑗(𝛻𝑐)𝑖𝑗

𝑗

Equation of State 

𝑃 =
𝑐0
2𝜌0

𝛾
[(

𝜌

𝜌0
)
𝛾

− 1] 

3. Rigid Body Dynamics (RBD)

In this study, solid modeling with irregular shape was 

performed by applying the concept that a rigid body 

doesn’t change its shape by applied external forces. The 

penalty-based spring dashpot model which has been 

widely used in the DEM analysis is applied to implement 

the rigid body motion in this study. [6-11]  

3.1. Rigid Body in SPH 

In the SPH method, rigid bodies are composed of 

many particles and analyzed by collisions between rigid 

bodies. (Fig. 2) The translational and rotational motion 

of the rigid body can be presented by adding up 

individual forces(𝐹𝑐
⃑⃑  ⃑)  that all the particles constituting

the rigid body receive during the collisions. The 

interactive forces between colliding particles are covered 

in the next section. 

𝑀𝐼
𝑑𝑣𝑖⃑⃑  ⃑

𝑑𝑡
= ∑ ∑ (𝐹𝑐

⃑⃑  ⃑
𝑖
+ 𝑚𝑖𝑔 )𝑖𝐼 (8) 

𝐼
𝑑𝑤𝑖⃑⃑⃑⃑  ⃑

𝑑𝑡
= ∑ 𝜏𝑖⃑⃑  𝐼 = ∑ ∑ (𝑟𝑖⃑⃑ − 𝑟 𝑐𝑚) × 𝐹𝑐

⃑⃑  ⃑
𝑖𝑖𝐼 (9) 

The subscript I, i refers to the rigid body I and the 

individual particles i constituting rigid body I.  

3.2. Spring-dashpot Model 

The collision between rigid bodies is solved by spring-

dashpot model allowing a slight overlap in the particles. 

A spring force, a damping force, and a frictional force are 

calculated in the normal and tangential direction of the 

collision. Contact forces are as follows. [6] 

Fig 2. Rigid Body Collision in SPH Method 

𝑓𝑛⃑⃑  ⃑ = 𝑓𝑛
𝑟⃑⃑⃑⃑ + 𝑓𝑛

𝑑⃑⃑ ⃑⃑  = 𝑘𝑛𝛿𝑛𝒏̂ + 𝑐𝑛𝑣𝑛⃑⃑⃑⃑    (10) 

𝑓𝑡⃑⃑⃑  = 𝑚𝑖𝑛 {
𝑓𝑡

𝑟⃑⃑⃑⃑ + 𝑓𝑡
𝑑⃑⃑ ⃑⃑  = 𝑘𝑡𝛿𝑡𝒕̂ + 𝑐𝑡𝑣𝑡⃑⃑  ⃑

𝑓𝑡⃑⃑⃑  
𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛

= −𝜇|𝑓𝑛⃑⃑  ⃑|𝒕̂
   (11) 

The superscript r, d means repulsive, damping force and 

the subscript n, t means normal, tangential direction. 𝑘, 𝑐 

is the coefficient for spring and damping. 𝛿 means the 

overlap and 𝑣𝑛⃑⃑⃑⃑ , 𝑣𝑡⃑⃑  ⃑  denotes relative normal, tangential

velocity vector of the colliding particles.  

4. SPH-RBD Coupling

Multi-phase flow analysis can be possible through 

SPH-Rigid Body coupling. In this study, the resolved 

method was adopted and details are as follows.  

4.1. Fully Resolved SPH-Rigid Body Coupling 

The implemented resolved method satisfies the 1st 

principle, so the analysis is possible even when the solid 

phase much larger than the fluid particle size. And the 

interfaces of fluid phase and solid phase are completely 

separated. Fluid-solid interaction can be easily 

performed by calculating the pressure force(𝑓𝑝), viscous

force (𝑓𝑣) , and surface tension force (𝑓𝑠)  of the fluid

particles applied to the surface particle of the rigid bodies 

without surface integral. Fig. 3 shows all kind of particle 

interactions in the SPH-RBD interaction model.  

Fig 3. Schematic of fluid-rigid particle interactions 
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4.2. Algorithm of SPH-RBD Model 

In addition to the existing fluid-fluid interactions, 

rigid-rigid interactions and fluid-rigid interactions have 

been added. A summation operation of all the particles 

constituting the rigid body is required for interactions of 

rigid bodies. In order to efficiently calculate the many 

particles constituting the rigid bodies, the GPU-based 

parallelization was carried out and shows good high 

speed performance. The overall algorithm of SPH-RBD 

coupling analysis is shown in Fig. 4. 

Fig 4. Algorithm for SPH-RBD Coupling Analysis 

5. V&V Simulations

The validation of the RBD modeling and SPH-RBD 

coupling has been performed. Details are as follows. 

5.1. Validation for Rigid-Rigid Interactions 

Fig. 5 shows the elastic collision analysis of a solid 

box. The solid box consists of 100 SPH particles, and the 

fixed boundary is considered as a rigid body with infinite 

mass. Also, the rigid body slip on the slope simulation 

was carried out for tangential collision. (Fig. 6)   

In both simulations, results were in good agreement 

with the analytic solution.  

Fig 5. Results of elastic rigid body collision [12] 

Fig 6. Results of rigid body sliding on a slope [13] 

5.2. Validation for Fluid-Rigid Interactions 

In order to simulate the interaction between the fluid 

and the rigid body, the verification tests were performed 

for the case where rigid body fall into the water and rise 

in the water.  

Since the buoyancy force of the rigid body is 

proportional to the surface area in contact with the fluid, 

the 3D analysis shows much better results than 2D 

simulation. Fig. 7-8 show the result of the vertical 

location of the rigid body. 

Based on the contact force in rigid collision and 

coupling on SPH-RBD, 3-dimensional multi-rigid body 

dambreak was simulated. (Fig. 9)  

Fig 7. Results of the floating rigid body [12] 

Fig 8. Results of the falling rigid body [12] 
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Fig 9. 3D multi-rigid body dambreak simulation 

6. Summary

In this study, rigid body dynamics which analyzes the 

motion of irregular solid phase was implemented in the 

SOPHIA code. Also, an analysis system for multi-phase 

(fluid-solid) flow was developed through the resolved 

coupling between SPH and RBD, and GPU-based 

parallelization was carried out for the high performance 

of simulations. V&V simulations were carried out and 

results were in good agreement with the analytic solution. 

Additional verification and validation on multi-phase, 

multi-rigid body integrated simulation will be conducted 

using a two-way coupled SPH-RBD SOPHIA code. 
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