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1. Introduction 
 
The metallic fuels are suitable for sodium-cooled fast 

reactor (SFR) than the oxide fuels. The metallic fuels 
contain low concentrations of Rare earth elements 
(REEs). REEs affect the metallic fuels. Main issue of 
REEs in the metallic fuels is the migration of REEs 
during irradiation. REEs tend to be redistributed to the 
outer region of fuel. The migration of REEs leads to the 
fuel-cladding chemical interaction (FCCI) [1,2]. The 
FCCI limits higher burnup of the fuel and causes fuel 
failure. Solid state diffusion is one of the candidates for 
the migration of REEs mechanism. In the solid-state 
diffusion mechanism, the solubility limit calculated from 
the phase diagram affects the driving force for diffusion 
within a dual phase field [3]. Therefore, the solubility 
limit of U-Zr-REEs and U-TRUs-Zr-REEs help 
understanding how REEs in the metallic fuels affect the 
distribution of constituent elements for performance 
analysis and safety assessment of metallic fuels. 
However, it is difficult to accurately measure the 
solubility limit in experiments. Furthermore, for 
radioactive materials, experiments are limited.  

In recent decades, with the development of computers, 
computational simulations for material analysis have 
been developed in material science. The purpose of this 
study is to use computational simulation to complement 
the lack of experimental data. In this study, Ce is 
considered as a representative of REEs. At low 
temperature about 900K, stable phases of Ce, U, and Zr 
are of γ-Ce, α-U, and α-Zr, respectively. Therefore, in 
present work, we only focus on γ-Ce, α-U, and α-Zr 
phases. The solubility limits of γ-Ce in α-U and α-Zr are 
calculated by using first principles and phonon 
calculations. 

 
 

2. Methods and Results 
 

In the present work, the solubility limits of Ce in α-U 
and α-Zr are calculated by using first principles and 
phonon calculations. The details of these calculations are 
described in Section 2.1 and Section 2.2. The results of 
the solubility limits are shown in Section 2.3.  

 
2.1 First principles  

 
The first principles are based on DFT as implemented 

in the Vienna ab initio Simulation Package (VASP) [4,5]. 

The plane-wave basis set with an energy cutoff of 550eV 
within the framework of the projector augmented wave 
(PAW) method [6,7] is used to describe the valence 
electrons. The exchange-correlation functional 
parameterized in the generalized gradient approximation 
(GGA) [8] by Perdew, Burke, and Emzerhof (PBE) [9] 
is used. We treat 6s26p67s25f36d1 and 4s24p65s24d2 as 
valence electrons for α-U and α-Zr, respectively. There 
is α-Ce that is more stable than γ-Ce at temperatures 
lower than 125K. Moreover, α-Ce and γ-Ce are same 
structure and DFT calculation is at 0K. Therefore, even 
if we simulate for γ-Ce, the result is for α-Ce. According 
to the Mott transition scenario [10], the 4f1 state of γ-Ce 
is considered more strongly localized than one of α-Ce. 
Therefore, we treat the [Xe] closed shell plus a single 4f 
state as core electrons and 5s25p66s25d1 as valence 
electrons for γ-Ce. A Monkhorst-Pack k-points grid [11] 
is used for sampling of the Brillouin zone, with a 
12×12×12 mesh, a 18×9×10 mesh, and a 16×16×10 mesh 
in γ-Ce, α-U, and α-Zr conventional cells, respectively. 
An equivalent density of k-points mesh is used for the 
supercells. The partial occupancies are set using the 
Methfessel-Paxton method [12] of order one with a 
smearing width of 0.2 eV. The electronic and ionic 
optimizations are performed using a Davidson-block 
algorithm [13] and a Conjugate-gradient algorithm [14], 
respectively. The stopping criteria for self-consistent 
loops are 0.1 meV/cell and 1 meV/cell tolerance of total 
energy for the electronic and ionic relaxation, 
respectively. All calculations are performed in the 
framework of non-spin-polarized and non-magnetic 
states. All calculations are relaxing all structural degrees 
of freedom (volume, ion position, and cell shape). The 
DFT calculation often fails to describe system with 
localized electrons. Therefore, the rotationally invariant 
DFT + U method [15] introduced by Dudarev et al. [16], 
Eq. (1)is used for 5f3 electrons in α-U with Ueff = 1.24 eV 
[17]. 

 
𝐸𝐸𝐷𝐷𝐷𝐷𝐷𝐷+𝑈𝑈 = 𝐸𝐸𝐷𝐷𝐷𝐷𝐷𝐷 + (𝑈𝑈−𝐽𝐽)
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where on-site Coulomb interaction U, exchange 
parameter J, orbital moment m, spin 𝜎𝜎 , number of 
electrons occupying 𝑛𝑛� 

𝜎𝜎 , and effective value Ueff =U-J. 
 

2.2 Phonon calculations 
 

Force constants are computed using the density 
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functional perturbation theory (DFPT) [18] implemented 
in the VASP. The phonon calculations parameters are 
same as the first principles parameter (Section 2.1), 
except that the relaxing only the atomic position is 
performed in DFPT. These force constants are used to 
interpolate phonon dispersions to arbitrary wave vectors 
𝐪𝐪 by using the software Phonopy [19], which is based on 
the supercell method with finite displacements method 
[20]. Vibrational entropy is calculated with 
101×101×101 𝐪𝐪 -points for all calculations by using 
Phonopy. 
 
2.3 Solubility Limit 

 
For binary system A1-xBx, the substitutional solubility 

limit of B-atoms in A-matrix, s, is calculated by seeking 
the minimum point of change in the Helmholtz free 
energy (∆𝐹𝐹𝜑𝜑(𝑥𝑥)) as 𝜕𝜕∆𝐹𝐹𝜑𝜑(𝑠𝑠)/𝜕𝜕𝜕𝜕 = 0. Assuming the s is 
small, the s is obtained as in Eq. (2). 

 

s =      exp �− ∆𝐸𝐸𝑚𝑚𝑚𝑚𝑚𝑚
𝜑𝜑

𝑘𝑘𝐵𝐵𝑇𝑇
� exp �∆𝑆𝑆𝑣𝑣𝑣𝑣𝑣𝑣

𝜑𝜑
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�                             (2) 

 
where ∆𝐸𝐸𝑚𝑚𝑚𝑚𝑚𝑚

𝜑𝜑  is mixing energy per solute atom as 𝑥𝑥 →
0 at φ phase, ∆𝑆𝑆𝑣𝑣𝑣𝑣𝑣𝑣

𝜑𝜑  is change in vibrational entropy per 
solute atom as 𝑥𝑥 → 0  at𝜑𝜑phase, and 𝑘𝑘𝐵𝐵  is Boltzmann 
constant. 

For Ce-U and Ce-Zr system, substitutional alloy is 
dominant than interstitial alloy because the atomic size 
of Ce, U, and Zr are not significantly different. Also, the 
solubility limits of γ-Ce in α-U and α-Zr are small from 
phase diagrams [21,22]. Therefore, we can get the 
solubility limits of γ-Ce in α-U and α-Zr by using Eq. (2). 
In Eq. (2), ∆𝐸𝐸𝑚𝑚𝑚𝑚𝑚𝑚

𝜑𝜑  can be calculated by first principles and 
∆𝑆𝑆𝑣𝑣𝑣𝑣𝑣𝑣

𝜑𝜑  can be calculated by phonon calculations. 
To calculate mixing energy, orthorhombic UN-1Ce 

(N=16,32,48, and 64) and hcp ZrN-1Ce (N=16, 24, 36, 
and 54) supercells are used. The mixing energy per solute 
atom as 𝑥𝑥 → 0, ∆𝐸𝐸𝑚𝑚𝑚𝑚𝑚𝑚

𝜑𝜑 , is obtained by linear regression. 
The results of the mixing energy per solute atom are 
represented in Fig. 1. 

To calculate change in vibrational entropy, 
orthorhombic UN-1Ce (N=16 and 32) and hcp ZrN-1Ce 
(N=16 and 24) supercells are used because of 
computationally demanding using the DFPT method 
than first principle calculations. The entropy term is 
multiplied by the temperature to facilitate the analysis. 
Then we can interpolate it clearly with a linear function 
of temperature at temperatures above 300K and the 
change in vibrational entropy per solute atom is slope of 
this linear function of temperature. Finally, by using 
linear regression, the change in vibrational entropy per 
solute atom as 𝑥𝑥 → 0, ∆𝑆𝑆𝑣𝑣𝑣𝑣𝑣𝑣

𝜑𝜑 , is obtained (Fig. 2). The 
information of linear regression functions of mixing 
energy and change in vibrational entropy about 
concentration of Ce are represented in Table I. 

The solubility limits of γ-Ce in α-U and α-Zr is 
obtained by substituting mixing energy ∆𝐸𝐸𝑚𝑚𝑚𝑚𝑚𝑚  and 

change in vibrational entropy ∆𝑆𝑆𝑣𝑣𝑣𝑣𝑣𝑣  in Eq. (2). The 
solubility limits of γ-Ce in α-U is exp (−1.89

𝑘𝑘𝐵𝐵𝑇𝑇
+ 10.35) 

and the solubility limits of γ-Ce in α-Zr is exp (−0.70
𝑘𝑘𝐵𝐵𝑇𝑇

+
2.66) that are shown in Fig. 3. For the U-Ce system, 
there is no data to compare with the calculated data. For 
the Zr-Ce system, the calculated solubility limits of γ-Ce 
in α-Zr is lower than experiments data [23] and previous 
phase diagram data [22]. 

 

 
 
Fig. 1. The mixing energy and linear regression of (a) U1-xCex 
and (b) Zr1-xCex. 

 

 
Fig. 2. Linear regression of the change in vibrational entropy 
of (a) U1-xCex and (b) Zr1-xCex. 
 

Table I: Parameter of linear regression functions 

 

 
Fig. 3. Solubility limit of Ce in (a) U-Ce and (b) Zr-Ce 

The reason why the calculated values differs from the 
experimental values is as follows. First, we assumed that 

System Function Unit Parameter 

U1-xCex ∆𝐸𝐸𝑚𝑚𝑚𝑚𝑚𝑚(𝑥𝑥) eV 1.89 + 11.14x 

 ∆𝑆𝑆𝑣𝑣𝑣𝑣𝑣𝑣(𝑥𝑥)/𝑘𝑘𝐵𝐵 - 2.66 – 3.36x 

Zr1-xCex. ∆𝐸𝐸𝑚𝑚𝑚𝑚𝑚𝑚(𝑥𝑥) eV 0.70 + 2.45x 

 ∆𝑆𝑆𝑣𝑣𝑣𝑣𝑣𝑣(𝑥𝑥)/𝑘𝑘𝐵𝐵 - 10.35 – 20.35x 
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solubility limit is small and calculate solubility limits 
with the mixing energy and the change in vibrational 
entropy as 𝑥𝑥 → 0. In Table I, the values of the mixing 
energy and the change in vibrational entropy change 
according to the concentration of Ce, 𝑥𝑥. A very small 𝑥𝑥 
value does not affect to the values of the mixing energy 
and the change in vibrational entropy. The higher the 
value of x, the greater the influence on solubility limit. In 
Ce-Zr system, the solubility limit of Ce in Zr is not very 
small. Secondly, DFT is not accurate calculations on U 
and Ce. Therefore, we use another assumption to 
calculate U and Ce such as DFT+U method. For DFT+U 
method, previous literature [17] find Ueff =1.24eV by 
optimizing the results of α-U, 𝛽𝛽-U, and γ-U. However, 
only for α-U, the low Ueff is more accurate. In this study, 
Ueff =1eV is used to compare with Ueff =1.24eV (Table 
II). As shown in Fig. 4, the value of mixing energy 
changes as the Ueff value changes. Although the mixing 
energy difference is as small as 0.2eV, it has a large 
effect on solubility limit. Finally, vibrational entropy 
highly depends on the size of the supercell (Fig. 5). The 
lager supercell, the more similar to experimental data 
[24]. Since DFPT is very time consuming depending on 
supercell size, it is important to find the appropriate 
supercell size. 
 

 
Fig. 4. Influence of Ueff in mixing energy of U1-xCex. 
 

 
Fig. 5. Solubility limit of Ce in (a) U-Ce and (b) Zr-Ce 
 

Table II: Volume and cohesive energy of α-U with Ueff 

 
 

3. Conclusions 
 

By using the first principles and the phonon 
calculations, the solubility limits of γ-Ce in α-U and α-Zr 
are obtained without experiments. The results of the first 
principles about pure γ-Ce in α-U and α-Zr are generally 
similar to experimental data. However, the results of the 
solubility limit of γ-Ce are different with experiments. 
There are several factors that affect solubility limit 
calculations; high solubility limit, Ueff value in DFT+U 
method, and supercell size. 
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