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Abstract

A new choked flow criterion derived by the characteristic analysis of a hyperbolic

two-fluid model with surface tension effect is employed in the MARS code in order to

improve the two-phase, choked flow solution. The surface tension effect in the

momentum equations is represented by interfacial pressure jump terms, which makes

the equation system hyperbolic without any conventional source terms. Real

eigenvalues are obtained for the bubbly, slug, or annular flow regime and the analytical

sound speed agrees very well with the existing experimental data. Marviken critical

flow tests have been assessed using the improved MARS code. The assessment results

demonstrate more accurate predictions of choked flow rate for bubbly flow regime

compared with the earlier choked flow solutions by Trapp-Ransom model.
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1. Introduction

Choked flow condition is the inherent mathematical property of a flow model,

related to eigenvalues in the governing equation system. The two-phase choking model

employed in the MARS code is based on the Trapp-Ransom [1] model employed in the

RELAP5/MOD3 code for non-homogeneous, non-equilibrium flow. They developed an

analytic choking criterion using the characteristic analysis of the two-fluid model that

includes relative phasic acceleration terms and derivative-dependent mass transfer.

Comparisons to existing data indicated that the thermal equilibrium assumption was the

more appropriate than the frozen flow assumption.

The two-fluid model employed in the development of two-phase choking criteria in

the RELAP5/MOD3 code included an overall mass conservation, two-phase momentum

equations, and the mixture energy equation written in terms of entropy. This equation

set includes interface force terms called virtual mass terms due to relative acceleration.

Therefore, the choking criteria are functions of homogeneous sound speed defined

analytically by thermodynamic properties and virtual mass coefficient.

While the characteristic analysis included most of the time and spatial derivative

terms, all of the virtual mass terms effected on the system eigenvalues [1, 2, 3]. It is

significant that these eigenvalues directly participate in the choked flow criterion and its

variation from the homogeneous result is entirely due to velocity non-equilibrium, since

their results obtained under the assumption of thermal equilibrium.

The real part of the system eigenvalues gives the velocities of signal propagation

along the corresponding characteristic path in the space/time plane and the imaginary
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part gives the rate of amplitude growth of the signal propagating along the respective

path. In the earlier study, analytic form of sound speed obtained by the characteristic

analysis and it showed the under predicted sound speed by comparison with the

experimental data in the bubbly flow regime [1]. Furthermore, the existence of the non-

zero imaginary part of the system eigenvalues causes the nonphysical, short wave length

instability [4, 5, 6].

A new promising approach to remove the complex eigenvalues has been proposed

by the present authors: see Lee et al. [7, 8] and Chung et al. [9]. We introduced new

terms about interfacial pressure force based on the surface tension terms into the

momentum equations. Although these terms were relatively very small, they contributed

to hyperbolicity of the equation system, without the conventional virtual mass or

artificial viscosity terms and the analytically obtained eigenvalues represent comparable

sound speed with the existing measured data for bubbly, slug, or annular flow. In this

study, we gives a new choked flow criterion on the break flow through the initial two-

phase bubbly flow regime when the fluid velocity equals or exceeds the signal

propagation speed.

In this paper, we elaborated an enhancement of the choked flow model based on

the earlier works of Trapp-Ransom [1] in the MARS code. It aims for a better prediction

of the choked flow rate in two-phase bubbly flow. We introduce the interfacial pressure

jump terms in Section 2. Following the characteristic analysis of the system matrix in

Section 3, we discuss how new criterion is implemented in Section 4. Finally, in Section

5, we treat Marviken tests as the benchmark problems of two-phase choked flow.

2. Interfacial Pressure Jump Terms
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Trapp-Ransom [1] had investigated the impact of the virtual mass coefficient on

the sound speed. Although, the virtual mass coefficient is taken as zero, the sound speed

is under predicted in the bubbly flow with void fraction range 5.0<gα . To preclude

problems associated with the selection of vC  and the evaluation of the choking

criterion, we do not include the virtual mass terms in the characteristic analysis then we

can simplify the choking criterion as follows.

The conservation laws are made of one-dimensional two-fluid mass, momentum,

and energy equations based on the area-averaged phasic properties.
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The notation kα , kρ , kp , kv , and ku  denote volume fraction, density, pressure,

velocity, and internal energy, respectively, with phasic component gk =  for the gas

and lk =  for the liquid. We will use the relation 1=+ lg αα . The source terms kc ,φ ,

km ,φ , and ki,φ  depend on algebraic forms, therefore, they will not alter mathematical

property of the above differential equation system.
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   The pressure force term on the left of momentum equation (2), ( ) xpp kik ∂∂− α , is

the term related with the surface tension as introduced by Lee et al. [7, 8] and Chung et

al. [9]. Its salient feature is not that the pressure has a jump at the interface but that its

gradient is continuous across the interface for bubbles in equilibrium.

The pressure discontinuity at the bubble interface due to the surface tension is

taken into account in the two-phase momentum equations. Inclusion of these terms

makes the equations system hyperbolic, even without conventional additive terms: See

References [7, 8, 9]. The pressure force term in the left of following momentum

equations is the term related to the surface tension, we got
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We use for the bubbly flow the interfacial area density relation, agi Da /6.3 α= ,

suggested by Ishii and Mishima [10]. By using the definition of the mixture bulk

modulus

llgglg
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and the fluid bulk moduli 2
kkk cL ρ≡ , the mixture bulk modulus yields 2

ggm cL ρ≈

when they hold that lg LL << .

3. Characteristic Analysis
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The eigenvalues of the equation system represent wave speed of small-amplitude

short wavelength perturbations as Whitham [11] indicated. For long wavelength

disturbances, dispersion and source terms play more important role while for large

amplitude disturbances the nonlinear wave interaction causes dominant effect. If the

eigenvalues are all real, the initial value problem is well posed and stable against small

disturbances.

In a matrix form, the mass, momentum, and internal energy equations turn out
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where BAG ⋅= −1  and  CAE ⋅= −1 . The eigenvalues of matrix G in equation (7) are

determined by a sixth-order polynomial equation:
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where the coefficients as functions of bulk moduli and phasic properties are

11 =K , ( )lg vvK +−= 22 ,

( )

















−−++

+
= 222

223 2
1

l
g

g
lglgggl

llgggl

C
L

vvvvC
CC

K
ρ

ρα
ραρα

                 ( )












−−+++ 222 2 g

l

l
lglgllg C

L
vvvvC

ρ
ρα  ,

( )



























−+−

+
= 2222

224

2
g

g

g
lllgggl

llgggl

v
L

vvCvC
CC

K
ρ

ρα
ραρα

                 ( )






















−+−+ 2222

l
l

l
ggglllg v

L
vvCvC

ρ
ρα  ,

( ) ( )




























−−+






















−−

+
= 22222222

225

1
l

l

l
ggllgg

g

g
llggl

llgggl

v
L

vCCv
L

vCC
CC

K
ρ

ρα
ρ

ρα
ραρα

 .



7

The closed-form solution to the characteristic equation (8) gives three sets of six

real eigenvalues which are listed in Table 1, the three sets representing bubbly, slug, and

annular two-phase flow. The first two simple eigenvalues, lg vv ,2,1 =λ , are due to

contribution from the energy equations, implying that the internal energy is propagated

by convection. The other two eigenvalues, 3λ  and 5λ , represent approximately the

sound speeds in the gas and liquid of single phase. The total sound speed of bubbly or

slug flow has the void fraction weighting as
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For annular flow, the individual phasic sound speeds, 3λ  and 5λ , are used.

The total sound speed of bubbly flow has the void fraction weighting with the

closed-form solution of equation (8) as
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For bubbly flow, the total sound speed agrees well with the experiment [12] in the void

fraction range, 3.00 << gα , as shown in Figure 1.

Nguyen also derived the sound speed from the equations of continuity and

momentum, considering a stationary wave front in a moving single-phase medium as
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It is assumed that no phase change occurs during the propagation of sound wave and the
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two-phase flow in confined by a rigid wall. No influence of the surface tension upon the

pressure disturbance exists. Treating the interface of one phase as the elastic boundary

of the other, a single-phase fluid surrounded by another fluid shows a dependency upon

the bulk modulus of the other fluid, i.e. the sound speed decreases with an increasing

elasticity of the other fluid.

However, Nguyen’s model [13] shows nonphysical results that the sound speed is

much greater than that of single-phase gas at the limiting case 0→gα , as shown in

Table 2. For that reason, as shown in Figure 1, some discrepancy between the present

model and the Nguyen’s model in the range of small void fraction 02.0<gα  arises. An

increasing deviation shown in the void fraction range 3.0>gα  is possibly due to the

flow regime transition effect.

4. Implementation of Choking Criterion

The two-phase choking criterion can be used as a boundary condition for obtaining

flow solutions. The subroutine JCHOKE contains the choking criterion in the MARS

code. The implemented choking criterion imposes on the junctions determined to be in a

choked state. If choking is predicted, equation (12) is then written in terms of new-time

phasic velocities and solved in conjunction with a difference momentum equation

derived from the liquid and vapor momentum equations.

he
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In the choked flow model of the MARS code, choking is assumed to occur at the
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smallest section of the flow field called throat. The choking criterion can be written as a

following form derived by equation (10), which is similar to the single phase choking

flow criterion and choking corresponding to a total Mach number unity:

1±=≡ ttt CvM (13)

where, 
gllg

lglglg
t

vv
v

ραρα

ραρα

+

+
≡ . In the choking test, the fluid velocity is compared to the

local sound speed, which is based on the hydrodynamic conditions at the throat. It is

noted that we only apply equation (13) with (10) for the calculation of Marviken tests

significantly choked in the initial bubbly flow regime.

When choking occurs, equation (13) is solved semi-implicitly with the upstream

vapor and liquid momentum equations for gv , lv , and gp  at the point of flow

choking [14]. Although the virtual mass terms have a significant effect on the wave

propagation, we include only time derivative terms as momentum sources.

5. Marviken Tests

As a case of practical concern, the two-phase period of two Marviken tests 24

(L/D=0.3) and 15 (L/D=3.6) solved by including the present sound speed criterion are

compared with the experiments as well as the earlier solutions by Trapp-Ransom model

[1, 14]. The evolution of choking criterion for original MARS code is an improvement

to choking criteria in the two-phase, bubbly flow regime taking account of equation (13).

Following discharges of mixture of subcooled and saturated water, two-phase

bubbly flow period is marked by a steadily decreasing flow rate and pressure with an

established vessel-water flashing rate. For that reason, the averaged discharge flow rates
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of this period can be well compared with the experimental data. It is noted that we set a

discharge coefficient 1.0 in the two-phase flow period for the model evaluations.

By comparisons between the calculation and the test data [15], as shown in Figure

2 and 3, the present new criterion shows better results than those given by the original

choking criterion [1, 14]. The mass flow rate obtained by the Trapp-Ransom criterion is

under predicted with discrepancies of 29% maximum for test 24 and represented by

prolonged two-phase discharge periods for both of the test 24 and 15. Consequently, the

present choking criterion improves the accuracy of predicted choked flow rates without

some discharge coefficients by eliminating discrepancy between predicted sound speed

and experiments.

6. Conclusion

The interfacial pressure jump term representing the surface tension effect is

included in the momentum equations of two-fluid model. Total sound speeds of the

two-phase mixture were obtained analytically by using the real eigenvalues of the two-

fluid six-equation system. The analytical sound speeds offered good agreements with

the existing measured data as well as physical enhancements of the Nguyen’s model and

Trapp-Ransom model at some conditions. It may be regarded as a notable advancement

over the existing two-phase choked flow formulations. The new choked flow criterion

has been implemented in the MARS code and assessed using Marviken critical flow

tests. The comparisons of the assessment results show that the present model gives

better predictions of the choked flow rate in the two-phase, bubbly flow regime.
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Table 1. Eigenvalues in the three flow regimes

Flow Regimes Eigenvalues
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Table 2. Comparison of the effective sound speed in each phase

Flow regime Present model Nguyen mode
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Fig. 1 Comparison of total sound speed for bubbly flow
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Fig. 2 Comparison between model predictions and measured data for

Marviken test 24 (L/D=0.3)

Fig. 3 Comparison between model predictions and measured data for

Marviken test 15 (L/D=3.6)
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