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Abstract

The Boltzmann-Fokker-Planck (BFP) equation for highly anisotropic scattering problems
such as charged particle transport combines the advantages of the Boltzmann transport equa-
tion and the Fokker-Planck equation. Because the BFP equation involves angular flux deriva-
tives with respect to energy and direction, the standard neutron transport codes cannot be used
directly to solve the BFP equation. The diamond difference scheme can be applied to the BFP
equation with respect to energy and space. This scheme is accurate for finite mesh size, but
it is subject to negative flux. If negative flur comes out of one mesh, then the solution can
be completely wrong. So, the diamond difference scheme needs a negative fluz fixup, and a
conservative fizup scheme was used by Przybylski and Ligou. In this study, a negative fluz
fizxup scheme with cell-rebalanced average fluzx is developed, improving the results of Przybylski
and Ligou. Because the nonlinearity introduced by negative fluz fizup has influence on solu-
tion, the nodal method (constant-constant) is also applied to the BFP equation with respect
to energy and space. Since the nodal method is a more positive scheme than the diamond
difference scheme, it can be an alternative for the BFP equation.

1. Introduction

The transport of neutrons or gamma rays in various media is governed by the Boltzmann
equation. The scattering cross sections are expanded into Legendre polynomial series [1][2].
This assumes that scattering is almost isotropic. When scattering cross sections are highly
anisotropic as for fast neutrons and for charged particles, Legendre expansion is unsuitable.
To avoid such difficulties, Przybylski and Ligou[3] proposed the Boltzmann equation includ-
ing Fokker-Planck terms (the BFP equation), which combines the advantages of the usual
transport equations and the Fokker-Planck equation.

The BFP equation is suitable to describe behavior of highly anisotropic scattering prob-
lems. But, the BFP equation is different from the neutron transport equation and cannot be
solved directly by standard neutron transport codes, because this equation involves angular
flux derivatives with respect to energy and direction.

To find solution, the diamond difference scheme was applied to the BFP equation with
respect to energy and space[3]. A review on the derivation and numerical methods for the
BFP equation is provided in Ref. 4. The well-known diamond difference scheme is accurate to



second order, but the calculated fluxes can be negative. A procedure to avoid such behavior
could be to reduce the mesh size, but it takes long time and it is difficult in practice to do
that in an absolutely safe way. Even if negative flux comes out for only one mesh, then the
solution can be completely wrong even in the case which the meshes are small enough. So,
the diamond difference scheme needs the negative flux fixup. In this study, a new negative
flux fixup scheme with cell-rebalanced average flux is developed.

The nonlinearity can have influence on solution such as oscillation, even though the neg-
ative flux fixup is performed. To avoid this fault, the nodal method (constant-constant)[5],
which is known to be more positive, is also applied to the BFP equation with respect to
energy and space. The nodal method can be an alternative for the BFP equation.

2. Derivation of Boltzmann-Fokker-Planck (BFP) Equation

2.1 Boltzmann-Fokker-Planck (BFP) Equation

The transport of neutron is governed by the linear Boltzmann equation. The scattering
terms of the Boltzmann transport equation are expanded into Legendre polynomial series.
This method assumes that the scattering cross sections are almost isotropic. But this approach
is not good in the transport of particles such as proton, alpha particle and electron, because
the scattering cross sections are so forward peaked that even Legendre expansions of high
degree fail. To avoid such difficulties, one uses a linear Fokker-Planck equation. But the FP
equation can’t describe any large energy transfer. So one proposed new transport equation,
called the Boltzmann-Fokker-Planck (BFP) equation, which combined the advantages of the
Boltzmann equation and the Fokker-Planck equation.

The Boltzmann-Fokker-Planck (BFP) equation is derived from the usual neutron transport
equation which is written as
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The scattering cross section can be split into two parts[6] as
0 =05+ 0q = Oreg + Osing + O, (2)
where

neutron velocity,

o : total cross section,
os : scattering cross section,
Oreg : smooth component of scattering cross section,
Osing : singular component of scattering cross section,
0, : absorption cross section,
Q : external source.

The “regular cross section” (reg) in Eq. (2) is a smooth function of the scattering angle cosine,
which generates a small number of Legendre functions. The “singular cross section” (sing) in



Eq. (2) takes very large values for pg = Q-Q ~ 1. The BFP Equation in slab geometry can
be written[3] as
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The coefficients S, which is called restricted momentum transfer, and T, which is called
stopping power, of the BFP equation can be written as
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2.2 Angle Discretization

The discrete ordinates method is applied to the p variable and for each direction py a
weighting factor wy is given[1][2]. Then the parabolic term in Eq. (3) becomes

T(Aki,bg,l — Bklﬁg —+ Ck¢g+1) for k = 1, 2, ... ,K, (5)
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Eq. (3) can be written as
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2.3 FP Coefficients

The usual cross section must be corrected since it does not deal with the singular part of
differential scattering cross section, and the procedure to calculate the FP coefficients has to
be defined[6]. In most libraries, neutron transfers only from one group to next are assumed
to be possible for heavy nuclides. So, Caro and Ligou restrict cross sections due to this
assumption, even though it is possible to determine others. Due to the above assumption,
only two matrix elements have to be determined in each group: o,;(9 — ¢) and o5;(g — g+1).

0s,(9 — ¢') is obtained from BUGLE-96 Library[7]. But o,,;(g — ¢) and 0,,(g = g + 1)
are available and the Legendre moments of the scattering cross section for group g are written
as

0s(9) = 0s1(g = 9) +050(9g = g+ 1). (9)

If [ is large enough, they set
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We can set 04,(g) = o;',l(g) for | = L and [ = L — 1; then we obtain
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where the first ratio is known, and

ho(T) =1 — exp(—27),

hi(t) =1- % + (1 + %) exp(—27), (12)
hi(7) = hi—o(T) — 2= 1hl—1(7)-

We can find 7 by trial and error. Eq. (11) provides all 7 (g), and we obtain coefficients U;’,z:
" . O-S,L(g)hl(Tg)

05.(9) = () (13)

and ¢, will be different from o,; except for L. Finally, the singular cross section can be
determined as follows:

oglg—g+1)= mas,l(g) ho(r)’ (14)
where
ai(r) = (1 = 2)hu(r) = b (7), (15)
and
ogi(g = g) = 0g,(9) —ay,(g— g +1). (16)



The regular cross sections are given by

ouilg—9) =0si(g = 9) — ol 1(g—=9),
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oslg—=g+1)=0(g—9+1)—o5(g—g+1), I <L (1)
The restricted moment transfer(7'(£,)) and stopping power(S(£,)) are then given by
1
T(Ey) = 5(750(9) = 051(9)),
AE, (18)
S(Ey) = TT(EQ)'

3. New Negative Fixup Scheme with Cell Rebalance
in Diamond Difference Method

3.1 Derivation of Diamond Difference Scheme

The diamond approximation is accurate to second order and this scheme can be applied
to the BFP equation for space-energy mesh [3][4]. But the calculated fluxes can be negative.
To protect this phenomena, this scheme needs the negative flux fixup.

Let’s consider a mesh in the (z, F) space (Fig. 1.)
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Fig. 1. Definition of two-dimensional meshes for the diamond difference scheme.
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space : 1 =1,2,...,1,
energy : g =1,2,...,G,
angle: k=1,2,..., K.



After integration over (z, F) mesh, and dividing by Az = ;41 —x; and AE = E,_; — E,,
Eq. (7) can be written as
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The usual diamond difference scheme is introduced:

290k = Ywk +VEER = UNE T Vs (22)

By inserting Eq. (22) into Eq. (20), ¥s% and ¢g j or ¥y are eliminated. Eq. (20) can be
written as

|Mk| SN+SS
1/1W + NG

The calculations are started from the highest energy and from the left or right boundaries
of the system according to the sign of ui. Eq. (23) provides all angular fluxes in a given
mesh (¢)c ). Then the edge values 95 and 9 (or ¥w,y) are computed through Eq. (22).
Even though Eq. (23) gives positive fluxes, ¥ck, sk or (Ygpx or Ywy) in Eq. (22) can
be negative. A way to avoid such behavior is to reduce the mesh sizes, but it is difficult in
practice to do that in an absolutely safe way. Even if only one mesh provides a negative edge
flux, the solution can be quite wrong. So the diamond difference scheme needs negative flux
fixup, and a conservative fixup was proposed by Przybylski and Ligou. In this study a new
fixup scheme with cell-rebalanced average flux is developed.
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¢ (23)

YNk +qok + Qox for  py > 0.

3.2 Conservative Fixup by Przybylski and Ligou

When Eq. (22) provides negative flux, it is not good to assign a zero value to the negative
fluxes because the particle and energy balances would not be preserved. So Przybylski and
Ligou developed “conservative fixup”[3]. The balance equation is

" Ve, — YWk  SNYNE — Sssk

AL N = Fcy, for pp >0, (24)
where
For = —o¢ ok + Rok,
Rey = To (Ao p—1 + Crpo 1) + qok + Qcyk, (25)
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If we set the correction of negative flux as,

Psp = Y5k +esy and Pr g = Yp g + €, (26)

we can rewrite balance equation as
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To preserve balance, we obtain
€s,kSs €B,k
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where €p ) is replaced by ey if pp < 0. When a negative value ¢g  comes out, we sef
Yer =0 (egr = YEk). We must also correct gy due to Eq. (28) as
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bsk = sy — esk = Yk + |1l = sk + [k (29)
When a negative value 1g ) comes out, we set 1,55’]6 =0 (eskx = 9¥syk) in the same way. We

must also correct ¢g ;. as
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3.3 New Fixup Scheme with Cell-Rebalanced Average Flux

The conservative fixup does not consider average flux v, when the edge fluxes are
corrected. If the edge fluxes s, or ¢ k(¢w,) are corrected, the average flux ¢c ) should
also be corrected. The balance equation is

Ve, —Ywk  SNYNE — SstPsik
B s AE

+ ook = Rok- (31)
If the correction of negative flux and average flux are set as (u; > 0),

Negative Flux : ¢s ) = ¢sp + esp, and ¢pj = Ypp + €pp,

~ (32)
Average Flux : Yc = Yor + €cp,
the balance equation can be rewritten as
bk — YWk _ SNYNE — Ssts.k +ot
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To preserve balance, the following relation is obtained as
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When a negative value of 9 j, comes out, one set ﬁE,k =0 (égk = Yrx). One must correct
Vs i, and P, due to Eq. (34) for > 0. The average flux in the diamond difference scheme
is

_ Ysk+ YNk

hek 5 (35)
If a negative flux (1) is corrected, Eq. (35) is written as
i sk + Nk €Sk
Yok +eck = —  t (36)
We also set the balance for corrected fluxes such as
~ Ps g + DNk
oy = PSRN (37)
From Eqgs. (36) and (37), we get
2ec = €g. (38)
By inserting Eq. (38) into Eq. (34), ec is eliminated and eg, is written as
|/ Dz
€ = — €E k- 39
Sk = TG +og /2 (39)
The corrected fluxes are
- _ |kl / Dz
Yok = Y5k — €sk = Psk + Se/AE + U(*Jk/QdJE,k,
L /A (40)
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When a negative value of 15 comes out, one set ¢g; = 0 (€5 = 1s) in the same way.
Now one must correct 9k, and ¢c . The average flux is expressed as

Ve + Pwi
o = LorE Ik (41)
If a negative flux (s ) is corrected, Eq. (41) is written as
7 e+ Ywr | Bk
Yok + eck = 5 +=5 (42)
To preserve balance, we get
20k = €Q k- (43)
By inserting Eq. (43) into Eq. (34), €c i is eliminated, and eg ;, is written as
Ss/AE
S/ (44)
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The corrected fluxes are

- Sc/AFE
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If negative flux of ¢ < 0 and vg ) < 0 comes out, one set 1/~JE7;€ =0 1/;5,;C = 0. And the
average flux is
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due to the balance Eq. (33).

4. Nodal Method (Constant-Constant)

The diamond difference scheme has a weak point to produce negative flux for coarse mesh
size. But there is relatively low possibility to produce negative flux in the nodal method
(constant-constant) for coarse mesh size[4][5]. The term “constant-constant” means that the
angular flux shape is assumed to be constant in cell and on edge. The BFP balance equation
for (z, E') geometry is given by
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where
0 = Oreg + 04 + T By. (48)

T (Agtbr—1 + Crps1) + qi is assumed to be constant. If pug > 0, then the angular fluxes
on the left and top edges are known. Next, Eq. (47) is integrated from E, to Fy_i:

Mk%d’k(I) + ot i (z) = SCW + T (Apthr—1 + Citbrs1) + qr- (49)
where
_ 1 Eg_1
Yr(z) = NG /Eg Yy (z, E)dE. (50)

Integrating Eq. (49) for z-direction in the space mesh gives the outgoing angular flux on the
right edge:
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For simplicity, Eq. (51) and its counterpart for E-direction are rewritten as:

Ypg = e Py + (T (Aghp—1 + Cetbrr1) + ai))
+a(Psk — Pni),
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Eq. (53) is solved for the outgoing angular fluxes (i.e., ¥ 5, %sy) that are represented in
terms of the incoming angular fluxes and sources. The equations are given by

Yeg = a"bwr + 0PN+ Qk,

(55)
Ysr = a'Pn g + 0IYwi + Q.
where
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5. Numerical Test and Results
5.1 Test Problem 1 (U*® Slab)

The configuration is given in Fig. 2, which is a homogeneous shielding problem. P;
scattering is available and Si5 Gauss-Legendre quadratures are used. The density of U?*®
is 102*# /cm? and convergence criterion is 1078, Reference calculation is performed by the
diamond difference scheme with a fine mesh size of fine 0.0lem. We test two kinds of fixup
methods (Ligou’s fixup and new fixup methods). The nodal method(C-C) is also applied,
which gives almost positive solutions.

10



scalar flux

Incoming

flux=1.0

Ocm

U-238

9 group cross sections

from BUGLE-96

1 or 3cm
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The diamond difference scheme shows oscillation for coarse mesh size (Fig. 3). So, this
scheme needs negative flux fixup for coarse mesh size. New fixup method as well as Ligou’s
fixup method works successfully for the mesh size of 0.05 and 0.1¢m. Ligou’s fixup method
does not converge for the mesh size of 0.3cm, but new fixup method converges well (Fig.
4). This results show that new fixup is more improved than Ligou’s fixup for coarse mesh
size problem. In test probleml, Ligou’s method converges until mesh size of 0.25c¢m but new
method converges until mesh size of 0.36¢m.

The nodal method works successfully for various mesh sizes (0.05, 0.1cm) and converges
for mesh size(0.3cm).

5.2 Test Problem 2 (U*® and Zr%' Slab)

The second test is a heterogeneous slab geometry problem, as shown in Fig. 5. P;
scattering is available and Si5 Gauss-Legendre quadratures are used. The density of U?*®
and Zr%' are both 10%*#/cm? and error criterion is 1078. The diamond difference scheme
(Ligou’s fixup and new fixup methods) and the nodal method are applied. The results of fine
mesh calculations are obtained when the mesh size is 0.04cm.

9 group cross sections from BUGLE-96

! reoming U-238 Zr-91 Vacuum
flux=1.0
Ocm 2cm 4acm
Fig. 5. Configuration of test problem 2.
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(a) group 1, mesh size= 0.4
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Fig. 6. Distribution of scalar flux for interval 0 < z < 4.
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In test problem2, Ligou’s method converges until mesh size of 0.25¢m but new method
converges until mesh size of 0.4cm. The nodal method converges successfully too.

6. Conclusions

The BFP equation is suitable to describe the behavior of highly anisotropic scattering
problems such as the transport of fast neutrons and charged particles. The BFP equation
is different from the Boltzmann neutron transport equation and cannot be solved by the
standard neutron transport codes, because this equation involves angular flux derivatives
with respect to energy and direction.

The well-known diamond difference scheme having second order accuracy is applied to
the BFP equation with respect to energy and space, but unfortunately the calculated flux
is not always positive. To avoid this behavior, mesh size has to be reduced, but there still
exists possibility of getting negative flux. Because even only one negative flux can make the
solution wrong, the diamond difference scheme needs negative flux fixup. In this study, a new
negative fixup method with cell-rebalanced average flux was developed. This new fixup is an
improved method, that is more accurate than the Ligou’s approach for coarse mesh size.

Though the negative flux fixup is performed, the nonlinearity may have influence on the
solution such as oscillation. So, the nodal method was also applied to the BFP equation. It
is known that the nodal method produces nearly positive solutions. When the nodal method
was applied to the BFP equation, the solutions were positive even in coarse mesh size. So,
the nodal method can be an alternative for the BFP equation.
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