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Abstract

The main purpose of this paper is to provide the vibration characteristic of the con�

tainment building by using a lower�order solid �nite element �FE�� The 
�node solid FE

is formulated with B bar method and the strain�displacement matrix based on B bar

method is provided in this paper� The lumped mass matrix is derived by the special

lumping technique and the subspace iteration method is adopted to calculate the natural

frequencies of containment building� The sensitivity of FE mesh re�nement to the natural

frequencies is at �rst investigated to determine an appropriate FE mesh for the vibration

analysis of containment building� The allowable size of arti�cial opening at the apex of

containment building is then examined to facilitate the solid FE mesh generation� Finally�

the natural frequencies and the mode shapes of containment building are calculated and

proposed as a benchmark�

�� Introduction

In engineering practice� it is often of crucial importance to conduct a free vibration

analysis of structures and use the resulting information in the design process so that

resonant behaviour of the structures can be prevented for the given loading conditions

���� So far� many attempts have been made to predict the ultimate pressure capacity of

containment building but the vibration characteristics of containment building in nuclear

power plant have not been precisely investigated in three dimensional sense� In order

to deliver a thorough information of vibration characteristic of containment building� we



try to implement the solid FE based on B bar method as a module of the NUCAS ����

The several numerical tests are carried out to investigate the vibration characteristic of

containment building under free vibration condition� The e�ect of FE mesh re�nement on

natural frequencies is examined to �nd out a reasonable FE mesh for vibration analysis

of containment building� In addition� the allowable size of arti�cial opening at the apex

of the containment building is proposed� In the numerical test� the subspace iteration

method is used to calculate the lowest eigenvalues of containment building with lumped

mass formulated with HRZ method ����

�� Solid Finite Element Formulation

A brief description of the solid FE formulation based on B bar method ��� is provided

here� In the formulation� the isoparametric approach is used and the geometry and the

displacement �eld of the solid element are therefore de�ned by using the same shape

function as follow

x �
�X

a��

Nax
a and u �

�X
a��

Nau
a ���

where x is the position vector of a generic point in the element domain� xa denotes the

position vector of node a� u is the displacement vector� ua is nodal displacement vector

at node a and the shape function has the following form
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The six strain terms in solid element are de�ned by global displacement components

�ui� as follows
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where� u�� u� and u� are the displacement components associated with the unit vector

directions of the global coordinate system xi�



In discritized FE domain� strain terms can be calculated by substituting the terms

of ��� and ��� into ���� Hence� the strain terms can be written in terms of the nodal

displacement vector

� �
�X

a��

B
a
u
a ���

where the component of the matrix Ba can be written in terms of the gradient of shape

function Na���� �Na��xi� as follows

B
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� � Na�� � Na�� Na��

�
�
T

� ���

In this study� we adopted B bar method which can alleviate element de�ciencies in

incompressible material and the strain�displacement matrix is therefore separated into

dilatational and deviatoric parts such as

�Ba � Ba
dev 	 �Ba

dil ���

where the dilatational part �Bdil
a is de�ned by using the mean dilatation method in the

following form
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in which �Ba
i is calculated by
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Therefore� we can de�ne the following strain�displacement matrix as a substitute

strain�displacement matrix for solid FE
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The standard strain�displacement matrix is replaced with the strain�displacement ma�

trix of ��� in the formation of the sti�ness matrix� Note that the rigidity matrix for

isotropic material ��� is used in this study�

�� Equilibrium Equation

In the absence of external loads and damping e�ects� the dynamic equilibrium equation

based on the principle of virtual work �or more precisely virtual power� can be written as

Z
�

��T D � d� �

Z
�

��u�T � �u d� ����

For a discretized FE domain� the displacement �eld can be expressed in terms of the

nodal displacements ua and the global shape functions bNa ��� which are constructed from

local shape functions Na and the acceleration can be also written in the same way

u �

npX
a��

bNa���� ��� ���u
a� �u �

npX
a��

bNa���� ��� ����u
a ����

where np is the total number of the node in the discretized domain and the virtual terms

associated with the displacement and acceleration are

�u �

npX
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bNa���� ��� ����u
a� ��u �
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The strain�displacement and virtual strain�displacement relationships can then be

written as

� �

npX
a��

bBa
u
a �� �

npX
a��

bBa �ua ����

where bBa is the global strain�displacement matrix which are constructed from local strain�

displacement matrix Ba� Substituting equations ����� ���� and ���� into ���� yields

�uT �Ku�M�u� � � ����

Since the virtual displacements �u are arbitrary� the above equation may be written

as



Ku�M�u � � ����

A general solution of ���� may be written as

u � 	ke
i�kt ����

Substituting ���� into ���� yields

�K� 
�
kM�	k � � ����

where 	k is a set of displacement�type amplitude at the nodes otherwise known as the

modal vector and 
k is the natural frequency associated with the kth mode and K � K�e�

and M � M�e� are global sti�ness and mass matrices which contain contributions from

the element sti�ness and mass matrices� can be written as

K
ab�e� �

Z
�

� �Ba�TD �Bb d� � Mab�e� �

Z
�

�NT
aNbd� ��
�

where the constitutive matrix D for the isotropic material is described in Reference ���

and the matrices �Ba is the strain�displacement matrices obtained from ���� The � denotes

the material density�

�� Numerical Test

A full scale containment building in the nuclear power plant is considered in the

numerical test� The geometry and perspective view of the containment building are

illustrated in Figure �� The basemat of containment building is not considered in FE mesh

modeling and is assumed to be clamped at the junction between the cylinder wall and

the basemat� The material properties used in vibration analysis are the elastic modulus

E � ����

kg�cm� and Poisson�s ratio � � ����� The material density of concrete is

assumed to be � � ������kg�cm�� The containment building is analyzed with all of

eight FE meshes� which have ��� ��� ��� ��� �
� ��� �� and �� nodes in circumferential

direction� to investigate the e�ect of the FE mesh re�nement� From numerical result� the

number of nodes in circumferential direction is a quite sensitive to higher frequencies of

the containment building� However� the fundamental frequency is not much e�ected since

a coarse FE mesh can produce a reasonable value of fundamental frequency as shown in

Figure ��



The arti�cial opening at the apex of containment building is introduced to facilitate

a FE mesh generation process and also produce a regular mesh distribution in the con�

tainment building� The validity of arti�cial opening is investigated with various size of

opening such as ����� � ����� ����� ����� ����� ����� ���� ��� and ���� The size of the open�

ing is illustrated in Figure �� From numerical test� the natural frequencies of containment

building changes greatly in higher mode when the size of the opening is greater than

����� � ���� However� a stability had been preserved with the value of ����� � ��� in

the previous study ��� where an assumed strain shell element ��� is used in the analysis�

This discrepancy between di�erent types of FE may be from the reason that the solid

element shows inherently a little bit sti�er behaviour than the shell element and also the

assumed strain method is recognized as more enhanced approach than B bar method to

remove the de�ciencies in FEs� The variance of the natural frequency of containment

according to the size of the opening at apex is illustrated in Figure � and the numerical

values are summarized in Table � and the mode shapes of the containment building are

also illustrated in Figure � for the future reference solution�

Table �� The natural frequencies of containment building �Hz��
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� � no multiple frequency

Many multiple frequencies are detected because of the symmetricity of containment



building but a few single frequency associated with torsional mode also exist�

�� Concluding Remarks

The vibration characteristic of containment building is exploited by using a lower�order

solid FE formulated with B bar method� The solid FE based on B bar method produces

valid frequencies only with the value less than ����� � ��� of arti�cial opening at the apex

of containment building� An appropriate solid FE mesh model for the vibration analysis

of containment building is identi�ed as the model having �� nodes in circumferential

direction� The present FE model in general produces multiple natural frequencies except

a few single frequency� Finally� the present numerical results is proposed as a future

reference solution for free vibration analysis�
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Figure �� Containment building� �left� geometry and �right� perspective view
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Figure �� The frequencies with di�erent FE meshes



Figure �� Di�erent sizes of arti�cial opening
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Figure �� Frequency variation due to the opening size



mode 1 mode 2 mode 3 mode 4

mode 5 mode 6 mode 7 mode 8

Figure �� The mode shapes of containment building
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