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Abstract - The validity of upwinding schemes for core MHD/turbulent simulation is numerically investigated
by the used of a fully linearized 3-field resistive ballooning mode (RBM) model with three different discretiza-
tion schemes on a convective derivative, (1) 4th order central differential (C4), (2) 4th order linear upwinding
scheme (U4), (3) 3rd order weighted essentially non-oscillatory (WENO) scheme (W3). The simulations reveal
that, in the cases with U4 and W3, the temporally varying upwinding direction can be unphysical nonlinear
energy channels among toroidal modes and drive unphysical mode transitions even if the equation system is
fully linearized theoretically. On the other hand, growth rates and eigen functions of RBM are conserved over
the simulation time in the case with C4. These result show that any upwinding scheme should not be employed
in the core region where nonlinear wave couplings described by convective derivatives such as the E × B flow
term and the magnetic fluttering term are the fundamental nature of plasma instability and turbulence.

I. INTRODUCTION

A three-dimensional MHD/turbulence code BOUT++
[1, 2, 3, 4] is a parallel plasma fluid simulation framework
which can solve arbitrary physics models with arbitrary ax-
isymmetric magnetic configurations as initial value problems.
BOUT++ code has been developed for analyzing intermittent
and periodic heat and particle flux burst phenomena called as
edge localized modes (ELMs) [5] with complicated geome-
tries including x-points such as single-null and double-null
divertor configurations.

Since predicting heat load on divertor plates by heat
fluxes released by ELMs is one of key issues for magnet-
ically confined fusion devices, BOUT++ employs the 3rd
order weighted essentially non-oscillatory (WENO) scheme
[6, 7, 8] to evaluate convective derivatives in the scrape-off
layer (SOL) and divertor region with high accuracy as a de-
fault setting for ELM crash simulations. Upwinding schemes
such as the WENO scheme are powerful tools to describe
convection dominant transport phenomena in neutral fluids
or off-resonant flows in the SOL/divertor plasmas.

In the core plasma where nonlinear wave couplings de-
scribed by convective derivatives are the fundamental na-
ture of plasma instability and turbulence, upwinding schemes,
however, can introduce numerical nonlinearity via temporally
changing upwinding directions which may drive unphysi-
cal wave coupling. In this paper, the validity of upwinding
schemes for resonant modes in the core region is numerically
investigated by linear multi-helicity simulations of resistive
ballooning mode (RBM) instability with a concentric circu-
lar equilibrium with a monotonically increasing safety factor
q(r) with respect to the minor radius r.

The rest of this paper is organized as follows. Section
2 gives a brief description of the 3-field RBM model. In
section 3, the three discretization formula applied to convec-
tive derivative are briefly introduced. Simulation results are
shown in section 4 and a summary is finally given in section
5.

II. 3-FIELD RBM AND EQUILIBRIUM MODEL

A fully linearized 3-field RBM model [9] consisting
the vorticity equation Eq.(1a), the energy transport equation
Eq.(1b) and the generalized Ohm’s law Eq.(1c) is employed,
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∂∥ = b0 · ∇, ∇⊥ = ∇ − b0b0 · ∇, ∇2
⊥ = ∇ · ∇⊥,

where U1 is the perturbed vorticity, B0 is the equilibrium
magnetic field intensity, J1 is the perturbed parallel current,
b0 is the unit vector along the equilibrium magnetic field,
κ0 = b0 · ∇b0 is the equilibrium magnetic curvature, p1 is
the perturbed pressure, ν = 1.0 × 10−7 is the perpendicular
viscosity, vE1 is the perturbed E × B flow, p0 is the equilib-
rium pressure, χ = 1.0× 10−7 is the perpendicular diffusivity,
A∥1 is the perturbed parallel vector potential, ϕ1 is the per-
turbed electrostatic potential, η = 1.0 × 10−6 is the resistivity
respectively. Note that the variables in this paper are normal-
ized by the poloidal Alfvén units with the major radius at the
magnetic axis Rax = 2 [m], the magnetic field intensity at
the magnetic axis Bax = 2 [T] and the poloidal Alfvén time
tA = 2.05 × 10−7 [s]. In Eqs.(1), the subscript 0 stands the
equilibrium part and the subscript 1 also stands the perturbed
part of physical quantity.

BOUT++ code employs a field-aligned coordinates
(x, y, z) [10, 11] constructed with a local orthogonal torus
(LOT) coordinates (ψ, θ, ζ) [12],

x = ψ, y = θ, z = ζ −
∫ θ

θ0

νdθ, , ν =
Bthθ
BpR

(2)
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Fig. 1. The concentric circular equilibrium for RBM linear
instability analyses: the radial profiles of p/pax and q (left)
and the radial profiles of s and α (right), where the normalized
pressure at the magnetic axis is pax = 6.25 × 10−4.

where x is the radial coordinate label defined by the poloidal
flux function ψ, y is the parallel coordinate label defined by
the orthogonal poloidal angle, z is the binormal direction la-
bel defined with the geometrical toroidal angle ζ and the local
magnetic field pitch ν, Bt is the toroidal magnetic field inten-
sity, hθ is the poloidal arc-length, Bp is the poloidal magnetic
field intensity and R is the major radius respectively. Since
the field-aligned coordinates is based on the LOT coordinates
(ψ, θ, ζ) to express the edge region at the vicinity of the last
closed flux surface (LCFS) and the SOL region outside the
LCFS, the local magnetic pitch is not constant on the flux
surface. BOUT++ code, therefore, defines the safety factor
as a circuit integral of the local magnetic field pitch,

q =
1

2π

∮
νdθ. (3)

When we investigate a poloidal harmonics structure of eigen-
function, we have to transform the LOT coordinates (ψ, θ, ζ)
to a straight field line (SFL) coordinates (ψ, ϑ, ζ) by the use
of the following relation,

ϑ =
1
q

∫ θ

0
ν(ψ, θ∗)dθ∗, (4)

where this is only valid within the LCFS and q defined by
Eq.(3) is therefore the safety factor in the SFL coordinates.

Fig.1 shows the concentric circular equilibrium with the
pressure shear factor α ∼ 0.116 and the magnetic shear factor
s ∼ 1.38 at r/a ∼ 0.75 used for multi-helicity RBM simu-
lations, where a = 0.5[m] is the plasma minor radius. We
employ an equally-spaced grid for an 1/5 sector of torus, i.e.
0 ≤ z ≤ 2π/5, so that RBMs with every 5 toroidal mode
numbers n = 0, 5, 10, . . . can be evaluated. For a practical
reason, n = 0 component is removed from the system and
a low-pass filter n ≤ 40 is also employed so that we take
n = 5, 10. . . . , 35, 40 into account.

III. DISCRETIZATION FORMULA FOR CONVEC-
TIVE DERIVATIVE

In this section, we briefly describe three differential
schemes, 4th order central difference (C4) scheme, 4th order
upwinding (U4) scheme and 3rd order WENO (W3) scheme
employed to discretize the convective derivative vE1 · ∇p0 in
Eq.(1b). The C4 scheme can be expressed by,

vx
∂ f
∂x
→ vx,i

− fi+2 + 8 fi+1 − 8 fi−1 + fi−2

12∆x
, (5)

where the C4 scheme never selects upwinding direction so
that its dispersion relation is evaluated by the same sten-
cils with same weight factors over simulation time. The U4
scheme is a kind of “linear” upwinding schemes and dis-
cretizes convective derivative as,

• for vx,i > 0,

vx
∂ f
∂x
→ vx,i

4 fi+1 + 6 fi − 12 fi−1 + 2 fi−2

12∆x
, (6a)

• for vx,i < 0,

vx
∂ f
∂x
→ vx,i

−4 fi−1 − 6 fi + 12 fi+1 − 2 fi+2

12∆x
(6b)

where the term “linear” means that there is no nonlinear pro-
cess to evaluate weighting factors in the U4 scheme. On the
other hand, the W3 scheme is a kind of nonlinear upwinding
scheme with nonlinear weighting factor w,

• for vx,i > 0,

vx
∂ f
∂x
→ vx,i

[
fi+1 − fi−1

2∆x
− w
− fi−2 + 3 fi−1 − 3 fi + fi+1

2∆x

]
,

(7a)
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, (7b)

• for vx,i < 0,
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→ vx,i

[
fi+1 − fi−1

2∆x
− w
− fi−1 + 3 fi − 3 fi+1 + fi+2
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]
,

(7c)

w =

1 + 2
[
ϵ + ( fi+2 − 2 fi+1 + fi)2

ϵ + ( fi+1 − 2 fi + fi−1)2

]2
−1

, (7d)

where ϵ is a small value introduced to prevent numerical sin-
gularity. Since the W3 scheme has a nonlinear weighting
factor w as well as selection of the upwinding direction as
possibly numerical nonlinearity sources, the U4 scheme is
therefore employed to clarify whether selection of upwind-
ing direction itself can drive unphysical mode couplings or
not.

IV. SIMULATION RESULTS

Fig.2 shows the results of linear multi-helicity RBM sim-
ulations for every 5 toroidal mode numbers n = 5, 10, . . . , 40
with the three differential schemes. In the cases with the U4
and the W3 schemes, growth rates γ of n = 5 and n = 40
have unphysical jumps after around t = 1000tA while growth
rates of all modes keep constant values in the case with the
C4 scheme as shown in the column (1) of Fig.2. In addition,
once unphysical mode excitations occur, their eigen functions
also change from ballooning mode to interchange-like mode
as shown in the columns (2)-(4) of Fig.2., although inter-
change mode is stable in this equilibrium. Since the unphys-
ical mode transitions can be observed in both the U4 and the
W3 schemes, it is found that selection of upwinding direction
itself can be nonlinear channels and drive unphysical mode
couplings.
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Fig. 2. Linear multi-helicity RBM analyses for every 5 toroidal mode numbers up to n = 40 with three differential schemes
on the convective term: (a) 4th order central differential scheme, (b) 4th order upwinding scheme and (c) 3rd order WENO
scheme. The column (1) shows the temporal evolution of growth rate, the column (2) shows the eigen function of n=40 mode
of ϕ1 on the bad curvature plane in (R,Z) at t = 750tA, the column (3) shows the eigen function of n=40 mode of ϕ1 at the bad
curvature plane in (R,Z) at t = 1500tA, and the column (4) shows the poloidal harmonics of n=40 mode of ϕ1 at t = 1500tA as
a function of poloidal mode number m(r) = q(r)n respectively.

V. CONCLUSION

The validity of upwinding schemes for MHD/turbulent
simulation in the core region has been investigated numeri-
cally by a linear multi-helicity RBM simulations with three
different discretization formula on the convective derivative.
The results reveal that selection of upwinding direction itself
can be nonlinear channels and drive unphysical mode cou-
plings, which means that any upwinding schemes should not
be employed in the core region.
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