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Abstract

A toroidal-field (TF) coil with a pure tension D-shape curve is designed for the confinement of
high-temperature plasmas in the SNUT-79, which is a tokamak being built at Seoul National
University. A toroidal assembly of 16 D-shape TF coils is designed to produce the magnetic field
of up to 3T, of which ripples appear to be below 4% of the average toroidal field in the plasma
region.

Exact positions and currents in six equilibrium coils distributed symmetrically in the z=0 plane
are found by the solution of a set of linear equations which is transformed from a Fredholm inte-
gral equation of the first kind. The decay indices resulted from equilibrium field indicate that the
stability condition for vertical and horizontal displacements is satisfied.
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of Nuclear Engineering at Seoul National Uni-
1. Introduction versity is scheduled to be completed for ohmic
heating experiments in late 1984, which will
The SNUT-79 Tokamak in the Department be the first fusion device built in Korea. To
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date a toroidal vacuum vessel has been com-
pleted as a main frame of the plasma container.
Presently, all efforts are concentrated on the
completion of power and magnetic field systems
for operating the tokamak. In the SNUT-79
Tokamak, properly-designed magnetic systems
are firstly needed for the confinement of high-
temperature plasmas and the equilibrium of the
plasma column.

In fact, the design consideration for toroidal-
field coils turns out to be dominated by the shape
of coils that are subject to the large stresses
due to Lorentz forces produced by coil currents
and toroidal magnetic fields. Stresses placed
on the toroidal-field coil cause the deformation
of the toroidal-field coil. In order to minimize
the tension of the coil material, a non-circular
cross section of D-shape is employed in this
work. The tension of the D-shape coil is uni-
form and less than that of a circular coil. Al-
though more amount of material is needed for the
D-shape coil than that for the circular coil, the
supporter for preventing vertical deformation
of the coil is not required for the D-shape coil.
The Lorentz forces produced by the interaction
between the poloidal current flowing in the
toroidal-field coil and the magnetic field gener-
ated by the current result in the tension and
the radial foree exerted on the coil. The tens-
ion of coil material and the net radial force on
the toroidal coil assembly can be determined
by the calculation of Lorentz forees.

A toroidal plasma column tends to extend to
the radial direction because the magnetic pres-
sure in the inher region is greater than that
in the outer region. In order to prevent the
radial extension the equilibrium magnetic field
is provided by vertical coils located external
to the plasma. Details of the arrangement of
equilibrium cpils producing the equilibrlium
magnetic field are to be determined by solving
the Fredholm integral equation of the first kind,

which is complicated to solve by the analytical
approach. Difficulties in finding solution to the
integral equation can be overcome by transfor-
mation of the integral equation into a linear
one which is easily dealt with by the numerical

approach.

2. Toroidal-Field Coils

2.1. Design Basis

Toroidal-field coils produce the confinement
field, which prevents the plasma column from
contacting the wall of vacuum vessel and drop-
ping the temperature of plasma. The high-tempe-
rature plasma is thus maintained in the torus
during the fusion reaction. The basis to be
considered for fabricating toroidal field coils.
for SNUT-79 Tokamak is as follows;

1) The strength of a toroidal magnetic field
at the minor axis is 3 T in the absence of the
plasma column.

2) The current density flowing in the coil
conductor is limited to about 7x107 A/m?
because of heating of coil conducter [1).

3) The tension on the coil produced by Lo-
rentz force is less than the tensile stress of
coil conductor.

4) Nonaxisymmetric toroidal-field ripples due
to the discrete nature of toroidal-field coils
have limited values for preventing enhanced
plasma diffusion and heat losses by supperba-
nana orbits of trapped plasma particles.

2.2 D-shape Toroidal-Field Coils

If the shape of toroidal-field coil is circular,
Lorentz forces may produce the tension on the
coil cross section greater than the tensile stress
of the coil material.. Thus, an appropriate
shape of coil which produces the minimized
tension on it has to be found. Immersion of a
coil made of a flexible filamentary conductor in
the toroidal field proportional to 1/R results in
a shape over which the tension on the conduc-
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tor is uniformly distributed. A coil designed
to closely approximate this ideal shape with
finite thickness and width has the following

inner radii of curvatures of a pure-tension

curve[2]:
1 [ 2za??T
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where N is a number of toroidal-field coils and
I a current flowing in the coil. Constants a,?,
¢,d, and e are defined by

a=ro—r;,
b=cos®,
_ r;+ab
C‘:ln(T), <2>
d=cri—a(1—c)b,
2
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and tension T has the form
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Here R, is the distance from the major axis of

the torus to the coil center, r; a half of the
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Fig. 1. Two-step Method for Generating a Series
of Arcs.

coil bore, r, a sum of ; and coil thickness,
and @ an angle between a radius of curvature
and a constant z plane as shown in Fig. 1.
The pure-tension curve is approximated as a
series of circular arcs with coincident tangents.
An algorithm for generating the pure-tension
curve is as in the following. First of all, cal-
culate a radius of curvature from Eq.(1) at some
point (r,z); on the pure-tension curve, and
then locate a center of curvature (r., 2.);. Next,
find the location of (+’,2’);;; rotated by from
(r,2):;. However, (' 2');;, is not a real point
on the pure-tension curve because the increment
of angle changes the radius of curvature. After
calculating a radius of curvature from Eq.(1)
again at (r/,2'):., take the average of the
radii of curvatures at (r,2); and (r/,2") 4.
This averaged value is used as a real radius of
curvature at (r,z);, with which a center of
curvature (r, 2. is located on the line con-
necting (r,2); with (r.,2z.);. Then. obtain the

next real point (r,z),;; on the pure-tension

¢
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Fig. 2. D-shape Toroidal Field Coil (R;=0.426m.
R;=0.916m, H=0.36m, R,=0.671lm, D=
0.48m, t=0.14m, p1=0.404m, p,=0.392m,
£3=0.147m).
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curve by rotating (r,z); by 490, Every points
on the approximated pure-tension curve are thus
obtained successively by the infinitesimal incre-
ment 4P, Fig. 2 shows a resultant D-shape
coil which has been determined as a pure-tension
curve by using Eqgs.(1)-(3) and this algorithm.

2.3. Distribution of Toroidal Magnetic Field

In order to calculate the toroidal-field distri-
butions, the Biot-Savart law has been used. A
computer programming for calculating toroidal-
field distributions according to this law has
been developed(3].

When 16 D-shape coils depicted in Fig. 2 are
placed along the circumference of the torus with
equal spacing, and the current of 6Xx10° A is
flowing in each coil, Fig. 3 shows the resultant
toroidal-field distributions computed by this pro-
gramming. In Fig. 3, a solid line indicates the
magnitudes of toroidal field over the major
radius in the cross section plane of the coil,
and a broken line shows those in the midplane
between adjacent coils.

The maximum magnetic field occurs at the
inner surface R; of the coil conductor. The
field strength is approximately proportional to
1/R in the plasma region, and linearly varies
in the coil conductor region. The maximum
toroidal ripple produced in the plasma region
turns out to be less than 4% of the average
toroidal field. The ripple at the center of the

plasma column is about 0.5%.

; BN

J . . ~

| PLASMA ; o
: REGION : o

Fig. 3. Distribution of Toroidal Field in the Equa-
torial Plane.

Fig. 4. Electromagnetic Forces Exerted on the
Segments of the D-shape Toroidal Coil.

2.4. Stress on Toroidal-Field Coils

In order to calculate the stress, the upper half
of coil is devided into 42 trapezoidal segments
as shown in Fig. 4. The Lorentz force exerting

on each trapezoidal segment has the form
F=1 (kb \pr @
where I; and [, are an inner and an outer leng-
ths of the trapezoid, respectively. B is a mag-
netic flux density at the center of each segment,
and I is a total current flowing in the coil.
Magnitudes of Lorentz force F are illustrated
in Fig. 4 as arrows proportional to F. A half
sum of vertical components of Lorentz force
acts as a tension on the conductor cross section
perpendicular to the current flow. When Iis
6x10° A, the calculation shows that a vertical
force of 2.30x10° N(23.5 ton-w) is applied on
the cross section area of 0.014m?2. Accordingly,
the tension per unit area becomes 2,400 psi,
which makes no problem in using, as a coil
conductor, mild copper with a tensile stress of
28,000 psi. An inward radial force to the torus
center by one toroidal-field coil is related to a
sum of horizontal components, of which value
is 4.92x 105 N(50. 2 ton-w). A vertical support-
ing cylinder which is contact with the straight
vertical sections of 16 toroidal-field coils, is
sufficiently strong to resist the inward radial

compressive force. When the vertical cylinder
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of 0.572m in diameter is used as a supporting
column, a compressive pressure of 2,900 psi is
acted on the supporting cylinder.

3. Equilibrium-Field Coils

3.1. Equilibrium Magnetic Field

A toroidal plasma column tends to extend to
radial direction because the magnetic pressure
in the inner region is greater than that in the
outer region. This extending force is balanced
by the force of interaction between the toroidal
plasma current and equilibrium magnetic field
produced by the external coil. The z-component
of external field for equilibrium, i.e., the
vertical magnetic field has the form{4],

_po_ 8R, _ 1
B,—B.~ mp—(ln +A-3-), W

where R, and a are major and minor radii of

the plasma column, respectively, and I, the
-plasma current. 4 is a coefficient of asymmetry

-of the poloidal field(5),
/12‘3,,4-_%-1,-—1. ®

where B, is a poloidal beta and [; is an internal
inductance per unit length of the plasma column.

If the vertical magnetic field is homogeneous,
the equilibrium of the plasma column will be
‘broken to the vertical displacement. If the lines
of the equilibrium magnetic field are concave,
the position of the plasma loop is stable rela-
tive to the vertical displacement. The barrel
shape of the vertical magnetic field is charac-
terized by the decay index[4, 6],

r 8B,

n=— —p— —

B, Tor - ®)
‘The stability condition of the equilibrium posi-
tion of the plasma loop relative to the vertical
displacement along the axis of symmetry can
be written as #>>0, and the stability condition
relative to the horizontal displacement as »

<1.506].

The determination of the current distribution

to produce a given field is very important for
the design of equilibrium field coils. One of the
method for calculating such current distribution
is known as the Zakharov method(7]. But this
analytical method for solving a Fredholm equa-
tion of the first kind is limited and difficult
in its use for a practical design of equilibrium
field coils.

First of all, it is necessary to consider the
magnetic field 6*(r, z;r’, 2") which is the mag-
netic field at the observation point (r,2) in a
coil carrying a unit current and located at point
(r',z") on the coil boundary I’. The expres-

sions for 6* are well known[8]:

b*(r,z;r', 2/) :% T«Z‘TT
[ K@+ {"2—’2_43,—”')2} L E® |,
@
b*(r, zsr'e) =52 —————kéji/g
[ K@+ LA DR g, |

where k2=drr!/{(r+7r)2+ (2—2")%}, and E(k)
and K (%) are complete elliptic integrals.

The magnetic field produced by the current
distribution #(r/,2’) flowing on a coil boundary
I’ has the form

Br,9)= [ 0,251, 2)i(r, N dr'd, (@)

and as a matter of convenience in the toroidal
coordinates (p,8,¢) using the relations, r=R,
+pcosf, z=psinb, r'=R,+p'cost’, 2'=p’sinf’
(R, is a major radius of the coil),

B(o,6)= f B*(0,030,67i(o!, 6" Jdp'de’,
)
where J is Jacobian of the transformation.
Here, the expression B(r, z) should be derived
for solving this integral equation. In order to
obtain the magnetic field B(r, z), the flux funct-
ion is firstly obtained from the homogeneous

2 2
equation LW=0(L =% - % -a-a;--f- %) The
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polynomials 72, rt—4r2z2, r6—]2r42248r22t, etc.,
satisfy this homogeneous equation[7). The

homogeneous solution at r=R, is expressed as

C

V(r,2)=Cot+

<R02,_7-2)2+ 1 (Ro2___r2> 222_2_2]
RS RZ |’
(10)
where C,, C; and C, are constants. The z-com-
ponent of the magnetic field which is the equi-

librium field wanted can be derived.

ov C C
R S A
(R2—12+22%), an

The first term with C; is a homogeneous verti-
cal field, and the second term with C, is a
control field which makes a barrel shape to the
homogeneous field. The homogeneous field in
expression Eq.(4) is equal to the first term of
Eq.(11), then the constant C, has the form

_ tolyRE 8R, 1,
Ci=— o (ln R a 1.5).
a2

The constant C, is obtained from the stability

condition at z=-( plane. Decay index n at z=0
plane is

_r 0B, _  2a(r/R,)?
B, “or 1+a{l—(/Ry% °

P
(13
where a=C,/C;. Once the proper value of &
is chosen from the stability condition 0<n<
1.5 in the plasma column, the constant C, is,
then, obtained from this relationship.
3.2. Arrangement of Equilibrium Field Coils
The following integral equation has to be
solved to obtain the current distribution, which

flows in the arbitrary coil boundary,

B.(p,0)= f b (p,6:07,0i(e", 6" Tdp' e,
(14

where
b:*(p,0;0',0)=0%(p,0;p",6" + (AX ).
(15)

This equation is the Fredholm integral equation

of the first kind. The solution of this equation:
is not unique. Thus, the solution of the super-
conducting current i;, which does not create
a magnetic field inside the coil boundary I
must be added. This superconducting current
ohmically heats the plasma column. This prob-
lem does not discuss in the present work.

When positions of equilibrium coils are (p;,
0, (03,65),-, (pn,0x), where N is the num-
ber of equilibrium coils, the current function

i(p,6) is expressed as
i(0,8) =—1-8(0— )6 (0—0,) +—2-5(p—py)
£ Pz
B(O=02) + 410 )3 (00 + -

I
+--25(0—pn)8(0—0y),
PN
(16>
where I; is the current flowing in the ith equi-
librium coil at the position (p;, 6;). Therefore,
the integral equation can be easily transformed
to a set of linear equations
aux1+a12x2+ ......... +a1NxN=bl,

Ay +az,'2..1:2 PP +angN=?2’
a,-l‘x1+ ------ +ai{xj+ ...... +ai}:4'xN:b,.', (17}

A1 Tyt App Tt oevveenenses + AN TN =bp,
where a;;=b.*(p;,0:;p,/,0,)p/ and b;=B.(p;,
6, z;=i(p,0;). m is the number of equa-
tions, which is greater than or equal to N. These
linear equations are written as following,

AX=b. (18)
Here, the matrix A is an overdetermined matrix,,
since the system has more equations than un-
knowns. In such a case, the equations are satis-
fied only approximately. An important method
for the treatment of the overdetermined linear
equation system is the method of least-squares
[9]. A least-squares solution to the overdeter-
mined system of equations AX=) is a vector
X which minimizes the Euclidean length of the
residual vector r, i.e., minimizes

firle=(CrTr)'2, r=b—AX, (19)
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where a superscript T designates the transpose
of r. The least-squares solution satisfies the
normal equation

(ATA)X=ATb. o)
In order to obtain solution of Eq. (18), Eq.
(20) has to be solved.

For the SNUT-79 Tokamak which is designed
with a toroidal magnetic field By=3T, a safety
factor ¢=3.5, a poloidal 8,=1, an inductance
of plasma loop per unit length /;=1, a major
radius R,=0.65m and a minor radius a=0, Im
of the plasma loop, and the maximum plasma
current I,=—65, 9KA, a homogeneous magnetic
field B, of 400 Gauss is needed by Eq.(4). In
this case, C;=—0.016934, and if a=0.4 is
chosen from the stability condition 0<2<1.5
by using Eg.(13), then C, becomes —0, 006774.

Numerical computation for the solutions of
Eq.(17) results in the arrangement of six equi-
librium coils as shown in Fig. 5, and spatial
position and current flowing in each coil are
listed in Table 1. The resultant arrangement
of equilibrium coils produces the distribution

| Cs[+]

—-06

1

Fig. 5. Arrangement of Equilibrium Coils

Table 1. Positions and Currents of Equilibrium

Coils.
Coil number Position(r,z) ) Current(Ampere)
1 (0.30, 0.52) | 3.56x 10¢
2 0.78, 0.56) | 1.29x10°
3 (1.04, 0.34) | —8.69x10*
4 (0.30, —0.52) | 3.56x10*
5 (0.78, —0.56) 1.29%10°
6 (1.04, —0.34) —8.69x 104

of equilibrium magnetic field at z=0 plane,
which are plotted in Fig. 6, The equilibrium
magnetic field produced by equilibrium coils
corresponds to desired equilibrium field. Fig. 7
shows decay indices along the radial direction
at z=0 plane. The maximum value of decay
index in the plasma region is 1.2, which occurs
at r=0.75m. In the plasma region the stability
condition for the vertical and horizontal dis-
placements is then satisfied.
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Fig. 6. Distribution of the Equilibrium Field at
z=0 Plane.
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Fig. 7. Decay Index along the Radial Direction
at z=0 Plane.
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4. Conclusion

A toroidal-field coil with pure tension D-shape
curve is designed by the numerical method. We
obtain the D-shape coil of which dimensions
are D=0, 49m. 2H=0. 72m, t=0. 14m, and w=
0. 1m.

Magnetic field distributions generated by an
assembly of 16 designed coils are obtained by
the computer brogramming for calculating the
Biot-Savart law. The field distribution is approx-
imately proportional to 1/R in the plasma
region. It agrees well with the theoretical var-
iation in the plasma region. When the current
flowing in each coil is 6%x10° A, the toroidal
magnetic field strength in the absence of the
plasma column reaches up to 3 T. The problem
of cooling of coil material is not severe since
the temperature rise of coil material is main-
tained below 6°C relative to the surrounding
temperature. The magnetic fiield varies line-
arly in the coil conductor. The toroidal-field
ripple at the center of the plasma column is
about (.5% of the average toroidal field, and
the maximum ripple occuring at the outer
boundary of the plasma region is about 49%.
This value is below the limited values, for
which 1% and 5% are usually used at the
centers of small and large tokamaks, respective-
ly.

In order to calculate the stress distributions
over the coil ¢ross section, the inward radial
force to the torus center, and the tension along
D-shape curve, the coil cross section is devided
into 42 trapezoidal segments. When the current
of each coil as 6x10° A, a tension applied on
the transverse cross section is 2,400 psi, and
the radial force is 50.2 ton-w. If mild copper
is used for coil material, there are no material
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problems to withstand these electrcmagnetic
forces.

From the MHD equilibrium theory the homo-
geneous vertical magnetic field of 400 Gauss
is needed for preventing plasmas from outward
drifts. The arrangement of equilibrium coils
can be obtained from solving the Fredholm
integral equation of the first kind. In order to
solve the integral equation, the integral equation
is transformed to overdetermined linear equa-
ticns. The arrangement of six equilibrium coils
with their exact pcsitions and currents is ob-
tained from the solution of the linear equations.
Sirce the values of decay indices vary frcm
0.47 to 1.2 in the plasma region, the stability
condition for the vertical and horizcntal dis-

placements appears to be satisfied.
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